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Abstract 

We introduce the notion of a C*-valued weight between two C*-algebras as a generalization of an ordinary 
weight on a C*-algebra and as a C*- version of operator valued weights on von Neumann algebras. 
Also, some form of lower semi-continuity will be discussed together with an extension to the Multiplier 
algebra. 

A strong but useful condition for C*-valued weights, the so-called regularity, is introduced. At the same 
time, we propose a construction procedure for such regular C*-valued weights. 

This construction procedure will be used to define the tensor product of regular C* -valued weights. 

Introduction. 

In the articles || and || , Uffe Haagerup introduced the notion of operator valued weights on von Neumann 
algebras as generalizations of weights which can take values in another von Neumann algebra. 

An application of this theory can be found in the theory of the Kac-algebras (M, A, ip) (see Q). There, 
we have a semi-finite faithful normal weight ip on the von Neumann algebra M which is left invariant in 
the sense that (t®^)(A(a)) = (f(a) 1 for every a £ M + . But one has to give a meaning to the expression 
(i<E>(p)(A(a)). This can be done, using the theory of operator valued weights. In this case, L<E)ip is an 
operator valued weight from M®M into M . 

Now we turn to the case of quantum groups in the framework of C*-algebras in stead of in the framework 
of von Neumann algebras. In this case, we have a C*-algebra A, a comultiplication A from A into the 
Multiplier algebra M(A <g) A) and a densely defined lower semi- continuous weight ip on A which is left 
invariant in the sense that (l <g> ip)(A(a)) — (p{a) 1 for every a £ M v . 

Also in this case we have to give a meaning to the expression (t ® cp)(A(a)) for a G A4 V . This can be 
done by regarding t ® ip as a C*-valued weight from A® A into A (which can be extended to certain 
elements of M(A <g> A)). 

We want to perform the construction of i ® p> in a purely C*- algebraic setting, not in a von Neumann 
algebra setting. For instance, we do not want to extend tp to a normal weight on a bigger von Neumann 
algebra and work with this extension. Partly, because there are no guarantees that cp can be extended in 
the case of C*-algebraic quantum groups. 

If we look at the left invariance of ip, we see that (t ® (p)(A(a)) has to belong to M (A) for every a £ M.^. 
But also in the case of quantum groups there is some interest to let C*-valued weights take values in the 
set of affiliated elements. This can be seen as follows. 

A C*-algebraic quantum group will (possibly) have the analogue of a modular function for classical 
groups. This will be a strictly positive element 6 affiliated with A such that ((p (g> t)(A(a)) = 8 <p{a) for 
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every a G M.i- We have to give a meaning to the expression (ip t)(A(a)) but we see already that it 
will be unbounded in many cases. 

In the first section, we will give a possible definition for C*-valued weights. Loosely speaking, they will 
be completely positive linear mappings between C*-algebras which are unbounded. We will restrict the 
domain of our C*-valued weights and let them take values in the Multiplier algebra of another C*-algebra. 
Later, we will discuss some extensions and even let them take values in the set of affiliated elements. 
We will also introduce a KSGNS-construction of a C*-valued weight, modelled on the KSGNS-construc- 
tion for completely positive mappings, (for instance, see [Q). 

In the second section we introduce a special family of completely positive mappings relative to a C*-valued 
weight (and even a little bit more general). These completely positive mappings allow us to introduce a 
notion of lower semi-continuity for C*-valued weight in the third section. We also introduce the notion 
of regular C*-valued weights in this third section. 

In the fourth section, the extension of a lower semi-continuous weight to the Multiplier algebra is discussed. 

The fifth section serves as a first step in a construction procedure for C*- valued weights. 

We propose a construction procedure for regular C* -valued weights in the sixth section. Along the way, 
we prove an important result which will be used in the next section to prove some nice results about 
regular C*-valued weights. There is also a short discussion about a further extension of regular C*-valued 
weights which lets it take values in the set of affiliated elements. 

In the last section, we introduce the tensorproduct of two regular C*- valued weights using the construction 
procedure of section 6. 

At the end of this introduction, we will fix some notations and conventions. 

The main technical tools for this paper come from the theory of Hilbert C*- modules over C*-algebras. 
A nice overview of this theory can be found in || . 

All our Hilbert C*-modules are right modules and have innerproducts which are linear in the first variable. 
Consider Hilbcr C*-modules E, F over a C*-algebra A. We will use the following notations: 

• L(E, F) is the set of linear mappings from E into F. 

• B(E, F) is the set of bounded linear mappings from E into F. 

• C(E, F) is the set of adjointable mappings from E into F. 

Consider two C*-algebras A and B and p a completely positive mapping from A into M(B). We call p 
strict if and only if is strictly continuous on bounded sets. 

Let (ek)keK be an approximate unit for A. Theorem 6.5 of Q implies that p is strict if and only if 
(p(ek) )keK is strictly convergent. 

If p is strict, than it has a unique extension p which is a completely positive linear mapping, strictly 
continuous on bounded sets. For every a G M{A), we define p(a) = ~p(a). 

1 The definition of a C*-valued weight and its KSGNS-construc- 
tion. 

In this first section, we will introduce the definition of a C*-valued weight between C*-algebras. This 
definition is a generalization of the definition of usual weights on C*-algebras but we will assume complete 
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positivity in stead of just positivity (which is to be expected). After that, we will introduce a KSGNS- 
construction for such a C*-valued weight similar to the KSGNS-construction for completely positive 
mappings. 

We will start of with the definition. 

Definition 1.1 Consider two C* -algebras A and B and a hereditary cone P in A + . 

Put J\f = {a G A | a* a G P} and M = span P = Suppose that ip is a linear mapping from M. into 

M(B) such that 

n 

b* <p(a* ai) h > 

for every n£N and all a\, . . ., a n G N ', 61, . . ., b n G B. Then we call p a C* -valued weight from A into 
M(B). 

We will introduce the following notations. 

Notation 1.2 Consider two C* -algebras A and B and a C* -valued weight (p from A into M(B). We 
will use the following notations: 

• The domain of p will be denoted by M v . 

• We define N v — {a G A \ a*a G A4J}. 

We have that A4 V is a sub-* -algebra of A, M.+ is a hereditary cone in A + and M. v = span 
Furthermore, JV V is a left ideal in M(A) and M v — Af*Af v . 

Remark 1.3 Consider two C* -algebras A,B and a C* -valued weight from A into M{B). As usual, we 
say that p is densely defined 4=> M v is dense in A 4=> J\f v is dense in A ^ M.+ is dense in A + . 

As the generalization of the GNS-construction for weights, we have the KSGNS-construction for C*-valued 
weights: 

Definition 1.4 Consider two C* -algebras A and B and a C* -valued weight p from A into M(B). 
A KSGNS-construction for p is by definition a triplet (E,A,n) where 

• E is a Hilbert C* -module over B. 

• A is a linear mapping from Af v into C{B, E) such that 

1. The set ( A(a)b \ a G J\f v , b G B) is dense in E 

2. We have for every a\, 02 G M v and b\, 62 G B that (A(ai)&i, A(a2)&2) = b*. p(a*. a\) b±. 

• it is a * -homomorphism from A into C{E) such that 7r(x)A(a) = A(xa) for every x G A and a G Af v . 
It is clear that a KSGNS-construction is unique up to unitary equivalence. 

Result 1.5 Consider two C* -algebras A and B and a C* -valued weight (p from A into M(B) and let 
(E, A, 7r) be a KSGNS-construction for p. Then 

1. We have that p{a^ a\) = A(a 2 )*A(ai) for every a\, a 2 G JV V . 

2. We have that ||A(a)|| 2 = ||<p(a*a)|| for every a G Af v . 

3. If tt is non-degenerate, then 7r(x)A(a) = A(xa) for every x G M(A) and a G N v . 
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Proof : The first property follows immediately from the definition of the KSGNS- construction. The 
second follows from the first. For the proof of the third, suppose that it is non-degenerate. 
Take x G M(A) and a G M v . We have for every e G A that ex belongs to A, thus 

7r(e)(7r(a;)A(a)) = 7r(ex)A(a) = A(exa) = iv(e)A(xa). 

From the non-degeneracy of 7T, we infer that 7r(a;)A(a) = A(xa). ■ 



The proof of the existence of a KSGNS-construction is a generalization of the KSGNS-construction for 
completely positive maps. For a large part, we will mimic the proof of theorem 5.6 of [Q but we will also 
add some features for this specific case (lemma 1.6 and definition pT^ ). 



For the most part of this section, we will fix two C*-algebras A and B and a C*-valued weight ip from A 
into M(B). In the next part, we will gradually construct a KSGNS-construction for <p. 

First, we define the complex vector space F = N v B. We turn F into a semi innerproduct module over 
B such that 

• We have for every a G Af v , b,c G B that (a b) c = a (6c). 

• We have for every a\, a 2 G Af v , bi,b 2 G B that (ai 6i, a 2 62} = 62 v( a 2 a i) 

We put A~ = {x G F I (x, x) = 0}, then A^ is a submodule of F. By the discussion in chapter 1 of we 
know that can be naturally turned into a innerproduct module over B. We define A ® v B to be the 
completion of So A ® v B is a Hilbert C*-module over £>. 

For every a G 7V V and b G £?, we define a0& to be the equivalence class in associated with a 6. 
Then we have the following properties: 

• The mapping Af v x _B — > A V B : (a, b) ^ a0& is bilinear. 

• For every a G A/^ and 6, c G B, we have that (a06) c = a® (6c). 

• For every a\,a 2 G A/^, 61, 62 G -B, we have that {a\®b\, a 2 ®b 2 ) = b 2 f{a 2 a%) b\. 

• The set (a0& | a G M Vl b G £>) is dense in A y f?. 

These properties determine the Hilbert C*-module A 0„ _B completely. 

It is easy to see that ||a06|| < ||y>(a*a)||' ||6|| for every a G Afm and 6 G £>. Therefore, we have for every 
a G Af v that the mapping B ^ A® v B : b ^ a®b is continuous. 

First, we prove the following lemma: 

Lemma 1.6 Let a be an element in Af v and define the mapping t from B into A® V B such that t(b) = a0& 
for every b G B. Then t belongs to C(B, A V B) and t*{c®d) — (p(a*c)d for every c G Af v , d G B. 

Proof : We have for every c G M v and b,d G B that 

(t(i>),c®d) = {a®b, c®d) = d*ip(c*a)b. 



Therefore proposition 10. 3| implies that t is an element of C(B, A V B). It is also clear from the above 



equation that t*(c0d) — ip(a*c)d for every c G N v and d G B. 
This lemma justifies the following definition. 
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Definition 1.7 We define the linear mapping A v from N v into C(B,A ® v B) such that A ip (a)b — a(&b 
for every a G Af v and b G B. We also have that A v (a)* (c®d) = ip(a*c)d for every a, c G N v and d G B. 

Using this definition, it is straightforward to check the following properties: 

• The set (A lp (a)b \ a G Af v , b G B) is dense in A ® v B. 

• We have for every a\, a 2 G M v and &i, 6 2 € B that (A v (ai)&i, A v (02)62) = 6 2 V?( a 2 °i) 61 • 
Lemma 1.8 Consider ai, . ..,a n G Af v> 61, . . .,b n E B and x G M(A). T/ien 

n n 

b*y((xaj)*(xai))bi < \\x\\ 2 b*f(a*a l )b l . 

Proof : There exist an element y G M(A) such that ||x|| 2 1 — x*x — y*y. Because Af v is a left ideal in 
M(A), we have that ya\, . . ., ya n belong to J\f v . 
This implies that 

n n n 

IMI 2 X! h *3 V( a *j a i) b i - X! b* ip((xa,j)* (xa,i)) bi = ^ b* Lp(a*(\\x\\ 2 I - x*x)a i )b l 

n n 

= bjtp(ajy*ya,i)bi = ^ 6* ip{{yaj)* {yat)) h > 



Lemma 1.9 Consider x G M(A). Then there exists a uniqueT G C{A® V B) such thatTA v {a) = A ip (xa) 
for every a G Af v . Moreover, T*A ip (a) — A v (x*a) for every a G Af v . 

Proof: Choose y G M(A). 

Take 01, . . ., a n G Af v and 61, . . ., b n G B. We can restate the previous lemma in the following form: 

n n n n 

(^A ip {ya l )b l ,^A lf ,{ya i )b l ) < \\y\\ 2 A v (a 4 )6 t , A (p (a l )6 l ) 

i— 1 2—1 i— 1 i— 1 

which implies that 

n n 

II X] A v(y fl »)M ^ llfll II X] A v( a ») & »ll- 

i=l i=l 

As usual, this last equality implies the existence of a unique continuous linear map T y from A ® v B into 
A ® v B such that T y (A lfi (a)b) = A v (ya)b for every a G J\f v and 6 G B. 
We have for every a\, a 2 G A/^ and 61, 62 G -B that 

(T x (A y (ai)6i), A v (a 2 )6 2 ) = (A ¥ ,(xai)6i, A v (a 2 )6 2 ) = 6 2 ^(a 2 (xai)) 61 = b* 2 tp((x* a 2 )* ai) 61 

= (A ¥ ,(ai)6i, A ¥ ,(a;*a2)6i} = (A y (ai)6i, T x , (A ¥ ,(a 2 )6 2 )} 

This implies that (T x (v), w) — (v, T x * (w)) for every v, w G A <S> V B. Therefore, we get that T x belongs to 
C(A <g> v B) and T* = T x * . ■ 

This lemma justifies the following definition. 
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Definition 1.10 We define the mapping ■k v from A into C(A® V B) such that ■K lp (x)A v (a) = A v (xa) for 
every x £ A, a £ M v . Then n v is a * -homomorphism. 

This discussion allows us to formulate the following proposition. 

Proposition 1.11 We have that [A ® v B, A v , ir v ) is a KSGNS- construction for (p. This triplet is called 
the canonical KSGNS- construction for if. 



In a last part, we look at the case where if takes values in B and investigate the connection with the 
mapping A v . First we prove the following lemma. 

Lemma 1.12 Consider a C* -algebra C and a Hilbert G* -module F over C. Let t be an element in 
C{C, F). Then t*t belongs to C ^ There exists an element x £ F such that tc — xc for every ceC<S( 
belongs to K,(C, F) . 



Proof : 

• Suppose that t*t belongs to C. Define 5" <E C{C ®F,C ® F) with S* = S such that 



S 

We have that 

S 2 , 



t* 

t 

t*t 

tt* 



By proposition 1.4.5 of @, there exists an element U £ C(C © F, C © F) such that S = U(S 2 )i. 
This implies that 

t* \ = ( (t*t)i \ 
tOj y (tt*)i J ' 

From this, we get the existence of u £ C(C, F) such that t = u(t*t)i . Because t*t belongs to C, we 
have that (t*t)~ belongs to C. Put x = u {{t*tp) £ F. Then t(c) = xc for every c £ C . 

• Suppose there exists an element x £ F such that t{c) = xc for every c £ C . In that case, we have 
for every c £ C that 

c*(t*t)c— (c, (t*t)c) — (tc,tc) = {xc,xc) = c* (x,x)c 
which implies that t*t = (x, x) £ C. 



This implies immediately the following proposition. 

Proposition 1.13 Consider two C* -algebras A, B and a C* -valued weight ip from A into M(B) with 
KSGNS- construction (E,A,ir). Let a be an element of M^. 

Then (p(a*a) belongs to B There exists an element x £ E such that A(a)b — xb for every b £ B 
A(a) belongs to IC(B,E). 

Let a be an element in M v such that tp(a*a) £ B. By the previous proposition, we get the existence of a 
unique element x £ E such that A (a) 6 = xb for every b £ B. As we have seen in the previous lemma, we 
have in this case that ip(a*a) = (x, x) which looks like the GNS-construction for weights. 
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2 A special family of completely positive mappings. 



In this section, we will consider two C*-algebras A and B, a Hilbert C*-module E over B and a dense 
left ideal N in A. Furthermore, let A be a linear mapping from N into C(B, E) and 7r a *-homomorpism 
from A into C(E) such that 

• The set ( A(a)b | a G iV, 6 G 5} is dense in £J. 

• We have that 7r(x)A(a) = A(xa) for every x £ A and a £ iV. 

We introduce a special family of completely positive mappings relative to this objects and investigate 
some properties of them. 

Definition 2.1 We define TL to be the set 

{pa strict completely positive linear mapping from A into M(B) \ There exists an operator 
T G £(E) + such that p(a\ ai) &i = (TA(ai)6i, A(o2)6 2 ) for every ai, a 2 G N,bx,b% E B } 

Notation 2.2 Consider p G Tt. Then there exist a unique element T G C(E) + such that 
(TA(ai)&i, A(o2)&2) = &2 P( a 2 a i) fri f or every a\,a2 G N and 61,62 G B. We define T p = T. 
This implies that p(a2 ai) = A(a2)*T p A(ai) for every a\, 02 G N . 

Result 2.3 Consider p G TL. Then T p belongs to n(A)' . 

Proof : Choose x G A. Using the definition of T p , we have for every ax, 0,2 G N and 61, 62 G B that 

(T p w(x)A(ai)bi, A(a 2 )6 2 ) = (T p A(xai)bi, A(a 2 )6 2 ) = 62 p{a* 2 (xa\)) b\ 

= b* p((x*a 2 )*a 1 ) 61 = (T p A(ai)6i, A(x*a 2 )6 2 ) 

= (TpA(oi)bi, ^(x*)A(a 2 )6 2 ) - (*(x)T p A(ai)bx, A(a 2 )6 2 ) 

This implies that T p ir(x) = ir(x)T p . ■ 

Result 2.4 Consider p <E H and a G A. TTien ||r p ^A(a)|| 2 = ||p(a*a)|| < ||a|| 2 . 

This follows immediately from the fact that 

(rjA(o))*(T*A(o)) = A(a)*T p A(a) = p(a*a). 

The following result has its analogue in the theory of weights (see proposition 2.4 of 

Proposition 2.5 Assume that tt is non- degenerate. Consider p G TL and S G C(E) n tt(A)' such that 
S* S = T p . Then there exists a unique element v G C(B, E) such that SA(a) — Tt(a)v for every a G N . 
Furthermore, the equality \\v\\ 2 = \\p\\ holds. We have also that p(x) = v*tt(x)v for every x G M(A). 

Proof : The non-degeneracy of tt clearly implies the unicity of v. We will turn our attention to the 
existence. Take an approximate unit (ek)keK for A in N (which is possible because N is a dense left 
ideal in ^4). 
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1. Choose b £ B. 

We have for every k,l £ K that 

\\SA(e k )b - SA( ei )b\\ 2 = \\(SA(e k - e,)6, 5A(e fe - e,)6)|| = ||(S*SA(e fc - e,)6,A(e* - e,)6>|| 
= ||(T p A(e fc - e»)6, A(e fc - ei)6>|| = ||b*p((e fc - e») 2 )&|| 

Because the net ( (e k — ei) 2 )(k,i)eKxK is bounded and converges strictly to 0, we have also that the 
net (p((e k — e;) 2 ) )(fe,i)eK"xif converges strictly to (remember that p is assumed to be strict). 

Therefore, the net (b*p((ek — ei) 2 )b)^ k ^ £ xxK converges to 0, which implies that the net (SA(efc)fe — 
SA(ei)b)(k.i)eKxK converges to 0. Consequently, the net (SA(e k )b) ke K is Cauchy and hence con- 
vergent in B. 

From this all, we get the existence of a linear mapping v from B into E such that (SA(e k ))keK 
converges strongly to v. 

(We borrowed the idea for the preceding part from theorem 5.6 of 

2. Choose a £ N. It is clear that (w(a)SA(ek))k£K converges strongly to ir(a)v (a). 
We have for every k £ K that 

||7r(o)SA(e fc ) - SA(a)|| 2 = ||,SV(a)A(e fe ) - SA(a)\\ 2 = \\SA(ae k ) - SA(a)f 

= ||A(ae fe - a)*S*SA(ae k - a)|| = ||A(ae fc - a)*T p A(ae k - a)\\ 
= \\p((ae k - a)*(ae k - a))||. 

This implies that the net (ir(a)SA(eh))keK converges to SA(a) (b). 
Combining this result with (a), we get the equality tt{o)v = SA(a). 

3. We have for every k £ K that 

||5A(e fe )|| 2 = \\A{e k yS*SA{e k )\\ = ||A( efe )*T p A(e fe )|| = \\ P {{e k ) 2 )\\. 

Hence, ||SA(efc)|| 2 < ||p|| for every k £ K. Because {SA{e k )) k ^K converges strongly to v, this 
implies that v is bounded and ||w|j 2 < \\p\\. 

By 2, we have for every k £ K that 

||H| 2 >lk(e fe VH 2 -||5A( efe )|| 2 = ||p(( efc ) 2 )||. 

Because p is positive, we know that (\\p((e k ) 2 )\\) k& K converges to ||p||. This implies that ||w|| 2 > ||p||. 
Combining these two inequalities, we get that ||f|| 2 = ||p||. 

4. We still have to prove that v is adjointable. 

Therefore, choose a £ N and x £ E. We know from (b) that ( (SA(e k ))*ir(a*) )keK converges to 
(5A(a))*. This implies that the net ( (SA(e k ))*ir(a*)x ) k ^K is convergent. 

Because 7r is assumed to be non-degenerate, the set (ir(a*)x | a £ N, x £ E) is dense in E. By 3, 
we also know that ( (SA(e k ))*) k£ K is bounded. 

These three facts imply easily the existence of a unique linear map w from E into B such that 
( (SA(e k ))*) ke K converges strongly to w. By definition, we have that (SA(e k )) k ^K converges 
strongly to v. 

These two results imply that (vb, x) — (b, wx) for x £ E.b £ B. Consequently, v belongs to C(B, E) 
and v* = w. 
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5. We have for every ai,a 2 £ Af v that 

P (a* 2 ax) = A(a 2 )*T p A(oi) = A(a 2 )* 5* SA(oi) = (5A(a 2 ))*(5A(ai)) 
= (7r(a2)f )*(7r(ai)ti) = 7J*7r(a2 ai)w . 

This implies that p(x) = v*tt(x)v for every x £ M. v . The usual continuity and strict continuity 
arguments imply that p(x) = v*tt(x)v for every x £ M(A). 

■ 

Notation 2.6 Suppose that n is non-degenerate. Consider p £ TL, we define v p to be the unique element 
i 

in C(B,E) such that T p A(a) = ir(a)v p for every a £ N. Furthermore, ||fp|| 2 = \\p\\- 
We have also that p(x) — v*ir(x)v p for every x £ M(A). 

Remark 2.7 We have the following obvious properties: 

1. belongs to H and T = 0. 

2. For every pi, p 2 £ T~t, we have that pi + p 2 belongs to TL and T P1+P2 = T pi + T P2 . 

3. For every p £Tt and every A £ R + , we have that AT belongs to Tt and T\ p = XT p . 
We will need the following ordering < onH. 

Definition 2.8 Consider pi,p 2 £ TL. We say that p\ < p 2 
^ j°2 — Pi is completely positive. 

O We have for every n £ IN, a±, . . ., a n £ A and b%, . . ., b n £ B that 

n n 

2J b* px(a*j a,i) b. t < ^ b* p 2 (a* ai)bi. 

& T P1 < T P2 . 

It is straigthforward to check the equivalence of the different conditions in the previous definition. 
Remark 2.9 We also have the following property: 

Let pi,p 2 be elements in TL with pi < p 2 . Then p 2 — p\ belongs to TL and T P2 _ Pl = T P1 — T P2 . 

The following sets are also generalizations of objects, known in ordinary weight theory (see e.g definition 
2.1.7 of [§). 

Definition 2.10 We define the following sets 

T={ P £TL\T P <1] 

and 

G = {Xp\ Ae[0,i[,peJ-}cjr. 
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Remark 2.11 Let p be an element in H. It is not difficult to check that p belongs to T if and only if 

n n n 

b*p{a* ai )b t < A(a 4 )6 j; ,^A(a l )6 l ) 

i^j — l i—1 i—1 

for every n G IN, ai, . . ., a„ G -ZV and 61, . . ., b n G _B. 

Like in the case of weights, the reason for introducing the set Q is to obtain a set which is directed for 
the ordering <. This is the content of the following proposition. The basic idea of its proof is the same 
as the proof for ordinary weights (see proposition 2.1.8 of but some extra work has to be done in 
this case. 

First, we prove the following lemma (which we took from proposition 2.1.8 of 0). 

Lemma 2.12 Consider a united C* -algebra C . Let Ti,T% be elements in C with < Ti,T% < 1, let 7 be 
a number in [0, 1[. Then there exist an element T G C with < T < 1 and such that 7T1 < T, 7T2 T 



ano 



dT< T ^(T 1 +T 2 ). 

Proof : For the moment, fix i G {1, 2}. We define 

7- 
1 - 7 T, 

It is then easy to check that 



Next, we define 



l + b t l — 7 



_ Si + S 2 ^ 

J i + s 1 + s 2 ec " 



We get immediately that < T < 1. By (b), we have that T < Si + S 2 < j^(T t + T 2 ). 

t 

l+t 



We know that the function R + — > R + : t <— > -^-7 is operator monotone (see M). This implies for every 



i = 1,2 that 

where we used (a) in the last equality. 



Proposition 2.13 The set Q is directed j 'or < 



Proof : Choose pi, p 2 G and Ai, A 2 G [0, 1[. Then there exist a number 7 G [0, 1[ such that Ai, A 2 < 7. 
We also know that T P1 , T P2 belong to ir(A)' n and < T Pl , T P2 < 1. The previous lemma implies the 
existence of T G n(A)'n£(E) with < T < 1 and such that 7 T P1 < T,jT P2 < T and T < ^(T^ +T P2 ). 

Put A = max(^, 4f ) G [0, 1[. Then AT > A7T P1 > AiT Pi = T XlPl and analogously, AT > T X2P2 . (a) 

In the rest of the proof, we want to construct an element p in T such that T p = T . 
In two steps, we will prove the following inequality: 

Consider a\, . . ., a n G N and b±, . . ., b n G B. Then 

n n 

[[ ^A(6i)*TA(aj)|| < i^-(\\pi\\ + ||p 2 ||) || 5>*a*||. 

»=1 ' i=l 
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1. Choose uj € B+. 

Define the function 9 from A into C such that 9(x) = j^—(ui(pi(x)) + u>{p2{x)) ) for every x G A. 
Then 9 belongs to A* + and ||0|| < ^([^H + |H|)|M| (b). 

Next, define the mapping S from N x N into C such that S(x,y) = uj(A(y)*TA(x)) for every 
x,y E N. Then S 1 is sesquilinear. Furthermore: 

• We have for x E N that 

< A(a:)*TA(a:) < A(x)*{T pi + T P2 )A(x) < — y —( Pl (x*x) + p 2 (x*x)), 

1 — 7 1 — 7 

which implies that < S(x,x) < 9(x*x). 

• We have for every x,y E N and a e A that 

A(y)*TA(aai) = A(y)*T7r(a)A(V) = A(y)*ir(a)TA(x) 
= (n(a*)A(y)yTA(x) = A(a*j,)*TA(x), 

which implies that S(ax,y) = S(x,a*y). 

This allows us to apply lemma |9.7| . Therefore, we get the existence of t/> S 51 with <9 and such 
that S(x,y) = ip(y*x) for every x,y <E N. 

This implies that 



(^A(60*TA( ai ))| = l2S(aiA)| = l^(E 6 < a *)I^WIlE 6 *°*ll 

i= 1 i— 1 z— 1 i=l 

n n 

< 11*11 < j-r-dlpill + INDIMI llE 6 * a ' 

' i=l 



where we used inequality (b) in the last inequality. 
2. Choose uj G B* with [tall < 1. Then there exist cui, . . .,104 £ B%_ such that |tai||, . . ., [Iw4.ll < 1 and 



uj = J2t=i i k Referring to 1), it is not difficult to see that 



A&yTAiaA)] < + ||p 2 ||) || £ b* ai \\. 

j=l ' i=l 

This implies that 

n n 

||2A(6 i )*TA(o,)||<4 T ^-(||p 1 || + 11^11)11^6^11. 

i=l ' i=l 

As usual, this inequality guarantees the existence of a unique continuous linear map p from A into M(B) 
such that ,0(02 ai) = A(a 2 )*TA(ai) for m, a 2 S AT. It is clear that p is completely positive. 
Choose 1 e JV. We have for every b € B that 

b*p(x*x)b = (TA(x)b, A{x)b) < -J—((T pl A(x)b, A{x)b) + (T P2 A{x)b, A(x)b)) 

I-7 

(b* Pl (x*x)b + b*p 2 (x*x)b), 



1-7 

which implies that p(x*x) < 1 -z—(pi(x*x) + p2(x*x)). Hence, p < jz~(pi + p 2 ). Therefore, the strictness 
of pi,p 2 implies that p is strict. 
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It is now easy to see that p belongs to T and T p = T. Moreover, inequality (a) implies that T\ p = XT p 
XT > T pi ,T p2 , which implies that Xp > Ai/9i,A2/»2- 



The following easy lemma will be used several times. 

Lemma 2.14 Consider a G M(A) + and b G B. Let x be an element in B such that b* p{a)b < x for 
every p G Q. Then the net (b* p(a)b) pe g converges to x <t=> For every e > there exist an element rj G T 
such that \x — b*r](a)b\\ < e. 

Proof : One implication is trivial. We will prove the one from the right to the left. 
We have immediately that b*p(a)b < x for every p G T . 

Choose e > 0. By assumption, there exist an element rj G T such that \x — 6* 77(a) 6 1 1 < |. 
Furtermore, there exist a number A G [0, 1[ such that |A — 1| < 2 ( || J|+i) ■ 
Put po = A 77. So po belongs to Q. We have also that 

||6*p (a)6-a;|| < ||6*/>o(a)6 - b* v (a)b\\ + \\b*r,(a)b - x\\ 

< lA-iiii^ii + ^^i^w + l^. 

We have for every p G Q with p < p that < b* p (a)b < b*p(a)b < x 7 which implies that 

||6V(o)6-!c|| < \\b* Po (a)b-x\\ < e. 
Consequently, (b* p(a)b) pl zg converges to x. ■ 



3 Lower semi-continuity of C*-valued weights. 

In this section, we will introduce a possible definition for lower semi- continuity of a C*-valued weight. 
Also, some easy consequences will be derived for such lower semi-continuous C*-valued weights. At the 
end of this section, we will introduce an ever stronger condition than lower semi- continuity, the so-called 
regularity. 

Notation 3.1 Consider two C* -algebras A and B and a densely defined C* -valued weight ip from A into 
M(B) with KSGNS-construction (E,A,ir). 

The ingredients A, B, E, J\f v , A, ir satisfy the conditions of the beginning of section 2. We define 7i v , T v , 
Q v to be the objects H, T , Q constructed in section 2, using this specific ingredients. 

It is not difficult to see that the definition of TL V , T v and Q v is independent of the choice of the KSGNS- 
construction. The notations T p and v p however, will always be relative to a specific KSGNS-construction. 

We will use the following definition of lower semi-continuity. 

Definition 3.2 Consider two C* -algebras A and B and a densely defined C* -valued weight <p from A 
into M(B). We call ip lower semi- continuous if and only if 

1. We have that = {x G A \ (p{x)) pe g v is strictly convergent in M{B)}. 

2. For every x G A4+, the net {p(x)) pe g v converges strictly to ip{x). 
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Remark 3.3 Consider two C*-algebras A and B and a densely defined lower semi-continuous C*-valued 
weight ip from A into M(B). Because every element of Ai v is a linear combination of elements from 
the net {p{x)) p( zg v converges strictly to (p(x) for every x G M. v . 



This definition is rather heavy. In fact, in ordinary weight theory this definition is a major result proved 
by Combes (sec Q). Therefore, it might be an interesting question whether it is possible to give some 
kind of lower semi-continuity definition in the classical sense which is equivalent to this one. 
On the other hand, this definition will probably be workable because most of the C*-valued weights will 
be defined starting from some sort of family of completely positive mappings. 



For the most part of this section, we consider two C*-algebras A and B and a densely defined lower 
semi-continuous C*-valued weight from A into M(B). We also fix a KSGNS-construction (E,A,pi) for 



Referring to lemma }.!:, the following proposition follows immediately. 

Proposition 3.4 Let x be an element in A + . Then x belongs to Mf^, We have for every b £ B that 
the net (b* p(x)b) p£ g tfi is convergent in B. 

As usual, we have some kind of monotone convergence properties: 

Result 3.5 Consider a net (xi)i£i in M.^ and an element x in Ai~^ such that (xi)i^i converges strictly 
to x and Xi < x for every i G I. Then (ip(xi))i e i converges strictly to ip(x). 



Proof : It is clear that < ip(xi) < <p(x) for every i <E I. 
Choose b £ B. 

Take e > 0. Then there exist p G Q v such that \\b*cp(x)b - b*p(x)b\\ < §. 

Because (p(xi))i & i converges strictly to p(x), there exists an element io G I such that 

\\b*p(xi)b - b*p(x)b\\ < | for every i e I with i > i . 

Choose j G J with j > i . Then 

\\b*p(xj)b - b*(p(x)b\\ < \\b*p( Xj )b - b*p(x)b\\ + \\b*p(x)b - b*<p{x)b\\ < J + | = e. 
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Because < b*p(x 3 )b < b*ip(xj)b < b*(p(x)b, we get that 

\\b*tp(xj)b-b*ip(x)b\\ < \\b*p(xj)b-b*tp(x)b\\ <e. 



Consequently, we see that (b*<p(xi)b)i^i converges to b*ip(x)b. Lemma 9.4 implies that (ip(xi))i£i con- 
verges strictly to ip(x). ■ 



Result 3.6 Consider a net {x{)i^i in M.+ and an element x in A + such that (xi)i^i converges strictly 
to x and Xi < x for every i 6 / . Then x belongs to M.^ The net {b*(p{xi)b)i^i is convergent for every 
beB. 



Proof : One implication follows from the previous result, we will turn to the other one. Therefore, 
assume that the net (b*(p(xi)b)i£i is convergent for every b G B. 

Choose c G B. 

By assumption there exists an element d G B + such that (c*(p(Xi)c)i£i converges to d (a). 
First, we will prove that c*p(x)c < d for every p G Q v (b). 
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Take p 6 Q v . Choose n G IN. From (a), we get the existence of an element io £ / such that 
||d — c*y(xi)c|| < — for every i £ I with i > io- Therefore, we have for every i £ I with i > io that 
c*p(xi)c < c*ip(xi)c <d+±l 

Because (c*/o(a;j)c) ie j converges to c*p(x)c, this implies that c* p(x)c < d + — 1. 
If we let n tend to oo, we get that c* p{x)c < d. 

Choose e > 0. By (a), there exists an element j G I such that \\c*p(xj)c — d\\ < §. 

The lower semi-continuity of ip implies the existence of po G G v such that \\c*<p(xj)c — c*po(xj)c\\ < § for 
every p G Q v with p > po- So we get that \\c*p(xj)c — d\\ < e for every p G Q v with p > po (c). 

Take rj £ with 77 > po- Using (b), we have that < c*rj{xj)c < c*rj(x)c < d. Consequently, (c) implies 
that 

||c*77(x)c — d\\ < \\c*r](xj)c — d\\ < s . 

Hence, we see that (c* p(x)c) p ^g v converges to d. The lower semi-continuity of tp guarantees that x 
belongs to M+. ■ 

Like for weights, these kind of convergence properties imply that the representation of a KSGNS- 
construction is non-degenerate (lemma 2.1 od 

Result 3.7 The mapping tt is non- degenerate and ir(x)A(a) = A(xa) for every x G M(A) and a G M v . 
Proof : Take an approximate unit (ei)i 6 / for A. 

Choose a G N v and b G B. Then (a*eia)ig/ is a net in Ai^ such that a*e{a < a*a for every i E I. 
Therefore, result |3.5| implies that (b* ip(a*eia) converges to ip(a*a). (a) 
Similarly, we get that (b* <p(a*ef a) b)i^i converges to b*ip(a*a)b. (b) 
We have for every i G / that 

||7r( ei )A(a)6- A(a)6|| 2 = ||(A(efa)6 - A(a)6, A( ei a)6 - A(a)6)|| 

= ||6* ip(a*ef a)b-b* ip(a*eia) b-b* ip(a*eia) b + b* ip(a*a) b\\ 

Therefore, (a) and (b) imply that (7r(ei)A(a)6)j e j converges to A(a)b. 

Because (7r(ei))igj is bounded, we can conclude from this that (7r(ei))j e / converges strongly to 1. ■ 

Result 3.8 The net {T p ) p ^g if converges strongly to 1. 
Proof : Choose 01, &2 G N v and 61, 62 G B. 

We have for every p G Q v that {T p A(ai)bi, K{a2)b2) — b\ p{a\ a\) b\. 

Therefore, the lower semi-continuity of ip implies that ((T p A(ai)&i, A^^^pew,, converges to 
62 <p(a2 a\)bi, which is equal to (A(ai)&i, A(a2)&2)- 

Because {T p ) p ^g if is bounded, this implies that ((T p v,w)) p< zg^ converges to (v,w) for all v,w G E. 
Using lemma |9.2| , we conclude that (T p ) p£ g v converges strongly to 1. ■ 

Proposition 3.9 The mapping A is closed for the strict topology on A and the strong topology on 
L{B,E). 
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Proof : Choose a net (xj)igj in Af v , x £ A and t £ L(B,E) such that (xj)i e j converges strictly to x 
and (A(a;j))j e _r converges strongly to t. 

Take p £Q V , c £ M v and b,d £ B. 

We have for every i £ I that (T p (A(xi)b), A(c)d) = d*p(c*Xi)b, which implies that ((T p (A(xi)6), A(c)d)),- e j 
converges to d*p(c*x)b. It is also clear that ((T p (A(xi)b), A(c)d))jg/ converges to (T p t(b),A(c)d). 
Combining these two facts, we conclude that (T p t(b), A(c)d) = d*p(c*x)b (a). 

Now we will use this last equality to prove that x £ M v and A(x) = i. 

• Take b £ B. For the moment, fix p £ Q v . 

We have immediately that the net (b* p(x*x) b) i£ i converges to bp(x*x) b. Using (a), we have that 
b p(x*x) b = {T p t(b) , A(xi)b) for every i £ I. This implies that the net (6* p(x*x)b)i & i converges to 
(T p t(b),t(b)). Combining these two results, we conclude that (T p t(b),t(b)) = b*p{x*x)b. 

This last equality implies that (b* p(x*x) b) p& g converges to (t(b),t(b)). Because ip is assumed to 
be lower semi-continuous, this implies that x*x belongs to M.^. So x belongs to M<p. 

• Choose c £ M v and b,d £ B. 

By (a), we have for every p £ Q v that 

(T p t(b),A(c)d) = d* p(c*x) b = (T p A(x)b, A(c)d>. 

Because (T p ) pe g l/> converges strongly to 1, we can conclude that (t(b),A(c)d) = (A(x)b,A(c)d). 
Consequently, t = A(x). 



At the end of this section, we introduce a stronger condition than lower semi- continuity, the so-called 
regularity condition. A first version of this condition was introduced for weights by J. Verding (see 
definition 2.1.13 of §). 

Definition 3.10 Consider two C* -algebras A and B and a C* -valued weight ip from A into M(B) with 
KSGNS- construction (E,A,tt). We say that ip is regular if and only if 

1. ip is densely defined and lower semi- continuous. 

2. There exist a net (itj)ig/ in M(A) satisfying the following properties: 

a) We have for every i £ I that: 

• Af,pUi c M v 

• There exist a unique operator Si £ C(E) such that SjA(a) = A(aiij) for every a £ M v . 

• \\ui\\ < 1 and \\Si\\ < 1 

• There exists a uniqe strict completely positive linear mapping pi from A into M(B) such 
that 62 /0i(»2 °i) bi = (Si A(ai)bi, Si A(a,2)b2) for every ai,aa £ Af v and 61,62 £ B. 

b) Moreover, 

• (ui)i(zi converges strictly to 1 

• (Si)i£i converges strongly to 1. 

Such a net (itj)ig/ is called a truncating net for ip. If the truncating net can be chosen in such a way that 
every element belongs to A, then we call ip strongly regular. 
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Again, it is not too difficult to check that this definition of regularity (and strong regularity) is independent 
of the choice of the KSGNS- construction. 

This regularity condition is a very strong condition. Nevertheless, there are some interesting C*-valued 
weights, which satisfy this condition. 

• Consider two C*-algebras A and B and a strict completely positive mapping p from A into M(B). 
Then p is a regular C*-valued weight from A into B with a truncating net consisting of one element, 
the unit in M (A) . 

In particular, the non-degenerate *-homomorphisms from A into M(B) are regular. 

• Also, the previous example implies that all positive linear functionals on a C*-algebra are regular. 

• Consider a C*-algebra A and a KMS-weight ip on A. This means that ip is a densely defined lower 
semi-continuous weight on A such that there exist a norm-continuous one-paramater group a on A 
such that 

1. ip is invariant under a. 

2. We have that ip{a*a) — ip(a^(a)a±(a)*) for every a G D(a±). 

Then ip is strongly regular and has a truncating net consisting of elements which are analytic with 
respect to a. 

This fact is proven by Jan Verding. The proof of proposition 2.1.18 in B contains a mistake but 
has been corrected by him. There will be a modified proof of this fact in B . 

It is not yet clear whether every densely defined lower semi-continuous weight is regular, but intu- 
ition tells us that this will probably not be true. It will be easily true if A is commutative. 

4 Extension of a lower semi-continuous C*-valued weight to the 
Multiplier algebra. 

It is natural to look for extensions of C*-valued weights to the Multiplier algebra. In this section, we will 
do this for lower semi-continuous C*- valued weights. The KSGNS-construction of this extension will 
also be investigated. 

We start with a lemma which will also be used in a later section. 

Lemma 4.1 Consider two C* -algebras A and B and an increasing net (pi)iei of strict completely map- 
pings from A into M(B). Let b be an element in B and define 

P = {x € M(A) + | The net (b* pi(x)b)i^i is convergent }. 

Then P is a hereditary cone in M(A) + . 

Proof : It is easy to see that P is a cone in M{A) + . We turn now to the hereditarity of P. 
Choose x £ P and y G M(A) + such that y < x. 

Take e > 0. Then there exists an element io £ / such that we have for every i £ I with i > io 

that \\b*pi(x)b-b*pi (x)b\\ < e. 

We have for every i £ I with i > io that 

< b*( Pl (y) - Pio {y))b < b*( Pi (x) - Pio (x))b, 
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which implies that 

\\b* Pi (y)b - b*p i0 (y)b\\ < \\b* Pi (x)b - b*p i0 (x)b\\ < e. 
Therefore, we see that the net {b* pi{y)b)i^i is Cauchy and hence convergent in B. 

Hence, we get that y G P. ■ 



For the rest of this section, we consider two C*-algebras A and B and a densely defined lower semi- 
continuous C*-valued weight ip from A into M(B). We will also fix a KSGNS-construction (E,A, it) for 
(p. 

Remark 4.2 Define 

F = {i£ M(A) + | The net (b* p(x)b) p ^g v is convergent for every b G B}. 

We know by the previous lemma that P is a hereditary cone in M(A) + such that A4 J C P. 

Lemma 9J3 implies for every x G P that the net {p{x)) p ^g is strictly convergent in M[B). 

So we get for every x G span P that the net (p(x)) p ^g is strictly convergent in M(B). 

If we define a mapping ip from spanP into M(B) such that the net {p{x)) p ^g v converges strictly to ip(x) 

for every x G span , we get a C*-valued weight tp from M(A) into M(B). 

This remarks justify the following definition. 

Definition 4.3 We define the C* -valued weight Tp from M(A) into M(B) such that 

1. We have that 

M^p = {x G A1(A) + | The net {b* p(x)b) p( zg ifi is convergent for every b G B}. 

2. The net {p(x)) p ^g v converges strictly to Tp(x) for every x G M.-^. 
Because ip is lower semi-continuous, it is clear that Tp extends ip. 

Notation 4.4 We will use the following notations. 

1. We define M v — and J7 V = Af^. 

2. For every x G M v , we put tp(x) = Tp(x). 

It is clear that M+ = D A and Af v = ~N 9 H A. 



The proof of the following results is the same as the proofs of result 3.5 and result 3.6 



Result 4.5 Let {xi)i^j be a net in A4 V and x an element in M.^ such that (xi)i e j converges strictly to 
x and Xi < x for every i G /. Then (ip(xi))i£i converges strictly to <p(x). 

Result 4.6 Let (xi)i£i be a net in Ai^ and x an element in M {A) + such that (xi)i^i converges strictly 
to x and Xi < x for every i E I. Then x belongs to Ai^ The net (b*p(xi)b)i e i is convergent for every 
beB. 
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We want to construct a KSGNS-construction for (p. Therefore, we want to extend the map A. This will 
be done in the next part. 

Lemma 4.7 The mapping A is closable for the strict topology on M(A) and the strong topology on 
L(B, E). 

This follows immediately from the fact that A is closed for the strict topology on A and the strong 



topology on L(B, E) (proposition |3.9|) 



Definition 4.8 We define A to be the closure of A with respect to the strict topology on M(A) and the 
strong topology on L{B,E). For every a in the domain of A, we define A(a) = A(a). 

Proposition 4.9 We have that A is a linear mapping from J\F V into C(B, E) such that: 

1. We have that 7r(x)A(a) = A(xa) for every x £ M(A) and a £ 77 

2. We have that (A(ai)6i, A(a2)&2) = &2 v( a 2 a i) ^i f or every oi, &2 £ A/*^ and b\, 62 6 £?■ 
Consequently, the triplet (E,A,W) is a KSGNS- construction for Tp '. 

Proof : We will split the proof up in several parts. 

1. Choose i£i and a in the domain of A. Then there exists a net (dk)k£K m A/^ such that (afe)fegjf 
converges strictly to a and (A(afc))fc e j<- converges strongly to A(a). 

It is clear that (xa k ) k ^K converges to xa. We also have for every k £ if that sat belongs to A/^ 
and A(xa k ) = ir(x)A(ak)- So we get that the net (A(xak))keK converges strongly to 7r(x)A(a). 

By the norm-strong closedness of A, we see that xa belongs to M v and A(xa) = n(x)A(a). 

2. Choose a in the domain of A. 

Take an approximate unit (ek)keK of A. By 1, we know for every k <= K that a belongs to Af v 
and A(efea) = 7r(efe)A(a). From this we conclude that a*e\ a belongs to A4 J and 

b*(p(a*e 2 k a)b = {A(e k a)b, A(e k a)b) = (7r(e fc )A(a)6, ir(e k )A(a)b) 

for every b € B and k E K. 

Hence, we see that the net {b*ip{a*e\a)b) k ^K converges to (A(a)b, A(a)b) for every b E B. 
Because we also have that a*e\a < a* a for every k G K and because the net (a*e\ a) k £K converges 



strictly to a* a, results 4.5 and 4.6 imply that a*a belongs to A4 V and b*ip(a*a)b = (A(a)b, A(a)b) 
for every b £ B. Of course, we get also that a belongs to Af v 

3. Choose a s J\f v . 

Take an approximate unit (ek)keK for A. Then e k a belongs to AT V for every k £ K. 
We see that {a*e k a)keK is a net in A4 J such that a*e k a < a* a for every k £ k. Because (a*e k a)keK 



converges strictly to a*a, result 4.5 implies that the net (tp(a*ek a))keK converges strictly to <p(a*a). 
Choose be B. 

Take k,l £ K with I > k. Then < e; — e& < 1, which implies that < (e; — e k ) 2 < e\ — e k . 
Therefore, 

||A(e z a)fo- A(e fc a)6|| 2 = ||(A((e, - e k ) a)b, A((e, - e k ) a)b)\\ - ||6>(a*(e, - e k f a)b\\ 
< ||6*<,5(a*(e; — e k ) a)b\\ — \\b*ip(a*ei a)b — b*ip(a*e k a)b\\. 
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This implies easily that (A(efc a)b)k£K is Cauchy and hence convergent in B. 

From this all, wc infer the existence of a linear operator t from B into E such that (A(e£ a))k<£K 
converges strongly to t. By the definition of A, we find that a belongs to the domain of A. 

In the preceding part of the proof, we have proven the following facts. 

a) A/" v equals the domain of A 

b) We have for every a £ Af v and b £ B that b*Lp(a*a)b = (A(a)b, A(a)b). 

c) For every x £ A and a £ AT V , we have that A(xa) = ir(x)A(a). 

We still have to proof some minor details. Statement 2 of the proposition follows from b) by polarization. 



Statement 1 of the proposition follows from c) by the same method as in the proof of result 1.5.3 . 
Finally, choose a £ N ' v . 

We have for every c £ Af v , d £ B and b £ B that (A(a)(b), A(c)d) = d*ip{c*a) b. Therefore, lemma UL3 
of appendix 2 implies that A(a) belongs to C(B,E). ■ 

Result 4.10 We have the following equalities: 

1. We have for every a\,a% £ Af v that y?(a|ai) = A(a2)*A(oi). 

2. For every a £ Afm, we have that ||A(a)|| 2 = ||y>(a*a)||. 



Remark 4.11 By definition, we have that Af v is a strict-strong core for A. But we have even more: 
Consider a £ ~Af v . Then there exists a net (afc)feeif m Afm such that 

• We have for every k £ K that ||afc|| < ||a|| and ||A(afc)|| < ||A(a)||. 

• The net (ak)keK converges strictly to a and the net (A(ak))k<£K converges strongly* to A(a). 
This follows immediately by multiplying a to the left by an approximate unit of A. 



Looking at prosition 2.5, we have the following generalization to the multiplier algebra. 



Proposition 4.12 Consider p £ T v . Let S be an element in C(E) H tt(A)' such that S*S = T p and let 

v be the unique element in C(B, E) such that SA(a) = ir(a)v for every a £ Af v . Then SA(a) = ir(a)v for 
every a £ J7 V . 

Proof : We have for every e £ A that ea belongs to Af v and A(ea) — 7r(e)A(a), which implies that 

n(e)SA(a) = 5 , 7r(e)A(a) = SA(ea) = 7r(ea)w = 7r(e)7r(a)w. 
The non-degeneracy of ir implies that SA(a) = tt(o)v. ■ 

i 

Corollary 4.13 Consider p £ T v . Then T p 2 A(a) = ir(a)v p for every a £ Af v . We have moreover that 
A(b)*T p A(a) = p(b*a) for every a,b £ 



The last statement of this corollary follows easily from the last statement of notation l.t 
We also want to mention the following result. 
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Lemma 4.14 Let (aj)j^j be a net in 77^ and an element a 6 J\F V such that (aj)j^j converges strictly 
to a and (A(a,j))j e j is bounded. Then (A(aj)*)j e j converges strongly to A(a)*. 

Proof : Choose c G J\f v , d G B and p G Q v . 

We have for every j G J that A(a 3 )*T p A(c)d = p(a*c)d. Therefore (A(oj)*T p A(c)d)j & j converges to 
p(a*c)d, which is equal to A(a)*T p A(c)d. 

Because (A(aj)*)j e j is also bounded, this implies that (A(aj)*)j 6 j converges strongly to A(a)*. ■ 



Referring to lemma 1.12, we get the following proposition. 



Proposition 4.15 Let a be an element in 77 v . Then ip(a*a) belongs to B •<=>■ There exists an element 
x G E such that A{a)b — xb for every b G B <^> A(a) belongs to IC(B,E). 

As before, the following remark applies. Let a be an element in 77^ sucht that (p(a*a) belongs to B. 
Then there exists x G E such that A(a)b = xb for every b G B. In this case, we have that <p(a*a) = (x, x). 

Proposition 4.16 Let a be an element in 77 ^ such that <p(a*a) belongs to B. Then we have for every 
p G Tip that p(a*a) belongs to B and the net (p{a*a)) p <zg^ converges to tp(a*a). 

Proof : Take a KSGNS-construction (E, A, n) for ip. 

By the previous proposition, we know that there exists an clement iefi such that A(a)b = xb for every 
b G B. 

Choose p G J- v . Then we have for every b G B that 

b*{T p x,x)b = {T p xb,xb) = {T p A(a)b,A{a)b) = b*p(a*a)b 

which implies that (T p x,x) — p(a*a). Hence, we see immediately that p{a*a) belongs to B. 

We have also that {p(a*a)) p ^g^ converges to (x,x) which is equal to cp(a*a). ■ 

Corollary 4.17 Let a be an element in 77^. Then ip(a*a) belongs to B We have for every p G Q v 
that p{a*a) belongs to B and (p(a*a)) pe g lp is convergent in B. 

5 A first step towards a construction procedure for C*-valued 
weights. 

We will consider the following objects in this section. 

Suppose that A, B are two C*-algebras and that E is a Hilbert C*- module over B. Let No be a dense 
subalgebra of A and Ao a linear mapping from No into L(B,E) such that (Ao(a)6 | a G A^fr G N) is 
dense in E. 

Furthermore, we assume the existence of a net (Tj)jgj in C(E) + such that 

• We have for every i G / that ||Tj|| < 1. 

• (Ti) ie i converges strongly to 1. 

• For every i € I there exists a unique strict completely positive mapping pi from A into M{B) such 
that &2 Pi( a 2 a i) &i ~ (TiAo(ai)6i, Ao(a2)&2) for every a%,a2 G A^ and 61,62 £ B. 



It is clear from proposition 10. 3| that Ao(a) belongs to C(B 7 E) for every a G N 
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Lemma 5.1 We have that Aq is closable for the strict topology on A and the strong topology on L(B, E). 



Proof : Choose a net (aj)j^j in Nq, t £ L(B,E) such that (aj)j^j converges strictly to and 
(Ao(aj))j e j converges strongly to t. Choose b,d £ B and c £ Nq. 

Fix i £ I. We have clearly that ({TiA (aj)b, A (c)d))j & j converges to (T< t(b), Ao(c)d). 
Because (TiAo(aj)b, Ao(c)d) = d*pi(c*aj)b for every j £ J, we also have that the net 
({TiA (aj)b, A (c)d))j e j converges to 0. This implies that (T s t(&), A (c)d) = 0. 

The fact that (Ti)i £ i converges strongly to 1, implies that (t(b), Ao(c)d) = 0. Consequently, t = 0. ■ 



Notation 5.2 FFe define A to be the closure of Aq for the norm topology on A and the strong topology 
on L(B,E). We also define N to be the domain of A. 



Lemma 5.3 Consider a±, a 2 £ N , b\, b 2 £ B and i E I. Then (TjA(ai)6i, A(a2)&2) = ^2 Pi( a 2 a i) hi- 



proof : 

1. Choose c £ AT . There exists a net (dj)j e j in iV such that (dj)j e j converges to 02 and (Ao(rfj)),gj 
converges strongly to A(a 2 ). 

We have clearly that the net ((T i A (c)6 1 , A (dj)b 2 ))j eJ converges to (TjAo(c)fei, A(a 2 )b 2 ). We 
have also that (TjA (c)&i, A (dj)b 2 ) = b 2 pi(d*c)bi for every j £ J. This implies that the net 
((TiA (c)bi, A (dj)b 2 ))j£j converges to b* 2 p l {a* 2 c ) °i- 

Combining these two results, we get that (TiAo(c)&i, A(<i2)62) = b 2 pi{a 2 c)b\. 

2. There exists a net (ck)keK m A^ such that (ck)ke.K converges to a 1 and {A Q (ck))keK converges 
strongly to A(ai). 

We have clearly that the net ((T i A (cfc)6i, A(a 2 )b 2 })keK converges to (T i A(a 1 )6i, A(a 2 )6 2 ). By the 
hrst part of the proof, we have also that (TiA (ck)bi , A(a2)b 2 ) = b 2 pi{a 2 Ck)b\ f° r every £ K. 
This implies that the net ((TiAo(cfc)&i, A(a 2 )b 2 ))j<=j converges to 62 /°i( a 2 a i) ^i- 

Combining these two results, we get that (TjA(ai)6i, A(ci2)&2} = b 2 Pi(a 2 a\) b\. 



Remark 5.4 So, using proposition 10.3 once again, we arrive at the following conclusion: 

The set N is a dense subspace of A and A is a linear mapping from A" into C(B, E) which is closed for 
the norm topology on A and the strong topology on L(B,E). Furthermore, Nq is a core for A in the 
norm-strong sense. 

Consider a\ 1 a 2 £ N. Then pi(a 2 a{) = A(a 2 )*Ti A(a\) for every i £ I. This implies that (pi(a 2 a\))i e i 
converges strictly to A(a2)*A(ai) for every a\, a 2 £ AT. 



Lemma 5.5 Consider x £ Nq, 01, . . ., a n £ Ao and b\, . . ., b% £ B. 
Then ||ELi A o(Mfc)M < \M IIELi AoK)6 fc ||. 
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Proof : We have for every i G / that 

n n n 

{Tj(^ A (xa k )b k ), A (xa k )b k ) = ^ (TiA (xa k )b k , A (xai)bi) 



fc=l k=l k,l=l 



= ^2 bi pi{{xai)* {xa k j) b k < \\x\\ 2 ^ b t p^tf a k ) b k (*) 

fc,Z=l k,l=l 

n n n 

= \\x\\ 2 (TiA (a fe )6 fe ,A (a J )6 ; > = ||a;|| 2 (T;(^ A (a k )b k ), ^ A {a k )b k ), 

k,l=l k=l k=l 

where in inequality (*), we used the complete positivity of pi. Because (Ti) ie j converges strongly to 1, 
we get that 

n n n n 

(^2A (xa k )b k ,^2A (xa k )b k ) < \\x\\ 2 A (a k )b k , ^ A (a k )b k ). 
fe=i fe=i fe=i fc=i 



This lemma implies for every x £ Nq the existence of a continuous linear operator L x from E into _E 
such that L x (A (a)b) = A n (xa)b for every a e N and b e B. It is also clear that ||£ x || < IMI f° r every 
x G N . 

It is not difficult to check that the mapping N — > B{E) : x L x is a continuous algebra-homomorphism. 
This justifies the following definition. 

Notation 5.6 We define tt to be the continuous algebra-homomorphism from A into B{E) such that 
ir(x)A( j {a) — A (xa) for every x,a G N . 



Proposition 5.7 The set N is a left ideal in A and Tr(x)A(a) = A(xa) for every iei and a e N. 
Proof : 

1. Choose x £ No and a G N. Then there exists a net (aj)j e j in N such that (a,j)j£j converges to a 
and (Ao(aj))j £ j converges strongly to A(a). It is clear that (xaj)j^j converges to xa. 

We have also for every j E J that xaj belongs to N and A (xaj) — w(x)A(aj). This implies that 
(Ao(xaj))j e j converges strongly to 7r(x)A(a) in B(B,E). 

By definition, we find that xa belongs to N and A(xa) = w(x)A(a). 

2. Choose x G A and a G N. Then there exists a sequence in ATq such that (xfc)^Li converges 
to x. This implies immediately that (x k a)^° =1 converges to xa. 

By the first part of this proof, we know for every k G IN that x k a belongs to N and A{x k a) = 
n(x k )A(a). So we get that (A(x k a))^! converges to 7r(x)A(a). 

The norm-strong closedness of A implies that xa belongs to TV and A(xa) — w(x)A(a). 



Proposition 5.8 The mapping n is a * -homomorphism from A into C(E). 
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Proof : Choose x £ A. Take a,c £ N and b,d £ 
We have for every t£j that 



(r<7r(s)A(o)6, A(c)d> = (TiA(xa)b, A(c)d) = (T fn(c*xa)b 

= d* pi((a;*c)*a)6= (T;A(a)6, A(x*c)d) = (TjA(a)6, 7r(a;*)A(c)d) 

From this, we infer that 

(7r(a:)A(a)6,A(c)d) = (A(a)&, 7r(x*)A(c)d). 

This implies that (tt(x)v 1 w) = (v,ir(x*)w for every v,w E E. So we arrive at the conclusion that 7r(x) 
belongs to C(E) and 7r(ir)* = n(x*). ■ 

Proposition 5.9 T/ie * -homomorphism 7r zs non-degenerate. 

Proof : Choose an approximate unit {e,j)jeJ of A. Then we have for every j e J that < 7r(ej) < 1. 
Take i E I , a,c E N and b,d £ B. We have for every j E J that 

(7r(e j )T i A(a)&,A(c)d) = (TiA(a)ft, 7r( ej )A(c)d) 

= (TjA(a)6, A(ejc)d) = d* pi(c* e^a) d. 

This implies that ((7r(e J )TjA(a)&, A(c)d))j- e j converges to d* pi(c*a)b, which is equal to (TiA(a)b, A(c)d) . 
Because (^(sj))jeJ i s bounded, this last result implies that ((ir(ej)v,w))j£j converges to (v,w) for every 



v,w E E. Using lemma 9.2, we see that converges strongly to 1. 



Proposition 5.10 The set N is a left ideal in M(A) and A(xa) — n(x)A(a) for every x E M(A) and 
aeN. 

Proof : Choose x £ M(A) and a £ N. Take an approximate unit (ek)keK for A. 



Then (e^ xa)k^K converges to xa. By proposition 5.7, we have for every k £ K that e^ xa belongs to N 
and 

A(e fe xa) = Ti(e k x)A(a) = 7r(e fe )7r(x)A(a) . 

Using the previous proposition, this implies that (A(efc xa))k£K converges strongly to 7r(x)A(a). 

The norm-strong closedness of A implies that xa belongs to N and A(xa) — Tr(x)A(a). ■ 



Proposition 5.11 The mapping A is closed for the strict topology on A and the strong topology on 
L(B,E). 

Proof : Take a £ A, t £ L(B, E) such that there exists a net (aj)j^j in Nq such that (aj)j^j converges 
strictly to a and (Ao(aj))jgj converges strongly to t. 

Take e £ N Q . 

It is clear that (eaj)j£j converges to ea. We have for every j £ J that eaj belongs to iVo and 
Ao(eaj) = 7r(e)Ao(aj). This implies that (Ao(eaj))j- e j converges strongly to n(e)t. By definition, we 
see that ea belongs to N and A(ea) = 7r(e)t. 
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We know that there exists a bounded net (ek)keK in ATo such that (ek)k£K converges strictly to 1. This 
implies immediately that (e^ a)k^K converges to a. 

By the first part of this proof, we know for every k £ K that Ck a belongs to N and A(efea) = 7r(ejt)A(a). 
This implies that (A(e^ a))j^j converges strongly to t. The norm-strong closedness of A implies that a 
belongs to N and A(a) = t. 

From this all, we conclude that A is equal to the closure of Ao for the strict topology on A and the norm 
topology on L(B, E). ■ 



Remark 5.12 We are now in a position to use the results and terminology of section 2 using the ingre- 
dients A, B, E, N, A, 7r. So we use the notations f, Q, H and so on. 

Consider i £ I. In the terminology of section 2, we have that pi belongs to T and T pi = T^. 
Therefore Ti belongs to n(A)'. 

i 

Furthermore, there exists a unique element Vi S C(B,E) such that T i 2 A(a) = 7r(a)ui for every a G N. 
We also know that ||wi|| 2 = \\pi\\ and that Pi(x) — v*ir{x)vi for every x £ M(A). 



Proposition 5.13 Consider a±, a-i £ N. We have that (p(a% ai)) p£ g converges strictly to A(o2)*A(ai). 



Proof : Choose a £ N. Take b £ B. 

We have for every p £ Q that p(a*a) < A(a)*A(a). Hence, because (b* pi{a*a)b)i<zi converges to 



b*A(a)*A(a)b, lemma |2.14| implies that (b* p(a* a)b) p£ g converges to b*A(a)*A(a)b. 



Lemma 9.4 implies that (p(a*a)) p ^g converges strictly to A(a)*A(a). The proposition follows by polari- 
sation. ■ 



Similar as in result 3.S one proves the following corollary. 



Corollary 5.14 The net {T p ) p ^g converges strongly to 1. 



The last lemma is useful for the material in the next sections. 



Lemma 5.15 Let u be an element in M(A) such that uNq C Nq and such that there exists an element 
S £ C(E) such that SAq(o) = Ao(au) for every a £ Nq. Then uN C N and A(au) = SA(a) for every 
a£ N. 



Proof : Choose a £ N. Then there exists a net (aj)j<zj such that (aj)j^j converges to a and (Ao(a,j))j£j 
converges strongly to A(a). It is clear that (aju)j^j converges to au. 

We have for every j £ J that ajU belongs to Ao and Ao(aju) = SAo(aj). This implies that (Ao(ajU))j e j 
converges strongly to SA(a). 

By definition, we get that au belongs to N and A(au) = SA(a). ■ 



24 



6 A construction procedure for regular C*-valued weights. 

In this section, we will propose a construction procedure for regular C*-valued weights out of some sort 
of KSGNS-construction which generalizes a similar construction procedure in section 2.2 of ||. We will 
also prove a result (proposition |6.23 ) which plays a major role in the next section. 

For the rest of this section, we fix the following ingredients. 

Consider two C*-algebras A and B and a Hilbert-C*-module E over B. Let iV be a dense left ideal of A 
and A a linear map from N into L(B,E) such that 

• A is norm-strongly closed. 

• The set (A(a)b | a G N, 6 G B) is dense in E. 

Furthermore, we assume the existence of a net (Ki)ie/ in M(A) such that we have for every i £ I that 

1. N Ul C N 

2. There exists a unique element Si G C(E) such that SjA(a) = A(aiii) for every a G AT. 

3. |H| < 1 and ||5i|| < 1 

4. There exists a unique strict completely positive linear mapping pi from A into M(B) such that 
&2l°»( a 2 a i)&i = (Si A(ai)bi, Si A(a.2)b2) for every 01,02 G N and 61,62 G B. 

and such that 

1. (ui)i<zi converges strictly to 1 

2. (Si)i£j converges strongly to 1 

Fix i G I and define T t = 5*5, G C(E), it is clear that < T; < 1. 

We also have immediately that &2Pi( a 2 a l)&i = (^•^■(01)61, A(a2)6 2 ) for every 0,1,02 G and 61,62 S B. 

Because (Si)i^i converges strongly to 1, we get that ((TiV,v)) ie i converges to (v,v) for every v G E. 
Therefore, lemma 3.2 implies that (Tj), e j converges strongly to 1. 

These properties imply that our ingredients A, B, E, N, A satisfy the conditions of the beginning of the 
previous section, but we don't have to close A anymore. So, we can use the results of the previous section. 
We will give a summary of them. 

• We have for every a G N that A(a) belongs to C(B, E). 

• N is a left ideal in M (A) 

• There exist a unique non-degenerate *-homomorphism 7r from A into C(E) such that 7r(x)A(a) = 
A(cca) for every x G M(A) and a G N. 

• The mapping A is closed for the strict topology on A and the strong topology on L(B, E). 

• It is possible to introduce the objects TC,J-,G like in section 2. In this terminology, we have for 
every i G I that pi belongs to T and T Pi = pi. 

• We have for every i G I that Tj belongs to n(A)'. Therefore there exist a unique v t G £(B, B) such 

1 

that ly 2 A(a) = 7r(a)uj. Moreover ||wi|| 2 = \\pi\\. Furthermore, pi(x) = v*ir(x)vi for every x G M(A). 
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• The net (T p ) pg g converges strongly to 1. 

• We have for every ai,fl2 G Af that the net (pi(ci2 a i))ie/ converges strictly to A(a2)*A(ai). 

• We have for every 01,02 G N that the net (p(o2ai)) P ee converges strictly to A(a2)*A(ai). 

In the rest of this section, we want to construct a regular C*-valued weight with these ingredients. At 
the same time, we will prove some extra properties. Essentially, we will define a C*-valued weight if on 
A such that J\f v — N and ip(b*a) — A(6)*A(a) for every a, 6 G N. There are three problems with this: 

1. Is this mapping well defined? If a\, . . ., a n , b\, . . ., b n are elements in N such that J2k=i ^k a k — 0, 
do we have that J2l=i A(b k )*A(a k ) = ? 

2. Is the positive part of N*N a hereditary cone in A + ? 

3. Is the resulting ip lower semi-continuous? 

The first question can be easily answered. If 1 b* k a k = 0, then 

n n 

'£A(b k yT i A(a k )=p i (£bla k ) = 

k=l fc=l 

for every i G /. Because (Ti) i6 / converges strongly to 1, we get that Ylk=i ^(^fc)*A(afc) = 0. 
The other problems are more difficult to resolve. But this will be done in the rest of this section. 

We start of with the following lemma. 

Lemma 6.1 Consider i £ I. Then Si belongs to n(A)' . 

Proof : Choose x G A. Take a G N. 

By assumption, we have that aui belongs to N and SiA(a) — A(attj). This implies that x{aui) belongs 
to N and A(x(aUi)) = ir(x)A(au.i) = n(x)SiA(a). 

We know also that xa belongs to N. Again, this implies that (xa)Ui belongs to N and A((xa)ui) = 
SiA(xa) = Siir(x)A(a). 

Comparing these two results, we get that ir(x)SiA(a) = Siir(x)A(a). 

From this, we infer that n(x)Si = Siir(x). ■ 
This lemma allows us to introduce the following notation (see proposition |2.5| ). 

Notation 6.2 Consider i G I. Then there exists a unique element u>i G C(B,E) such that SiA(a) = 
ir(a)wi for every a G N . Moreover, we have that ||n>j|| = ||pi|| and Pi{x) = w*ir(x)wi for all x G M(A). 

Using this result, we can prove the following one. 

Result 6.3 Consider i G I . Then Au.i C N and A(atij) = Tt(a)wi for every a G A. 

Proof : Choose a G A. Then there exists a sequence {aj)JL l in N such that {aj)°^ 1 converges to a. 
We get immediately that (ajUi)°^ 1 converges to aui. By the previous notations, we have for every j G IN 
that ajUi belongs to N and A[ajUi] = ir(aj)wi. This implies that (A(ajUi))°°^ 1 converges to ir{a)uii. 
Because A is norm-strongly closed, we get that aui belongs to N and A(aitj) = n(a)Wi. ■ 
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Remark 6.4 We want to use some Hilbert space theory to prove some equalities. But therefore, we will 
have to make a transition from Hilbert C*-modules to Hilbert spaces. This will be done in the following 
way. 

• Consider a C*-algebra G and a Hilbert C*-module G over G. Let u> be an element in CI . 

First, we define the positive sesquilinear mapping ( , ) from G x G intoC such that (v, w) — w({v, w)) 
for every v,w G G. Then G, ( , ) becomes a semi innerproduct space. 

We define K = {v G G (v,v) = 0}. Then K is a subspace of G and % is in a natural way a 
innerproduct space. Then G is defined as the completion of so G is a Hilbert space. The inner 
product on G will also be denoted by ( , ) . 

For every v G G, we define v as the equivalence class of v in j^. Then we have the following 
properties 

1. The mapping G — » G : v i— > v is linear. 

2. The set {v | w G G} is dense in G. 

3. We have for every v,w G G that (w, uJ) = to}). 

(If G = G, we get nothing else but the GNS-space of ui.) 

• Consider a C*-algebra G and 2 Hilbert C*-modules Gi,G2 over G. Let w be an element in C1_. We 
use uj to create 2 Hilbert spaces in the way described above. 

Now let / be a linear mapping from G\ into G2 such that there exists a positive number M satisfying 
(f( v )i f( v )) ^ M (v, v) for every v G G\. (This is the case for elements in £(Gi, G2).) 

Then it is not difficult to see that there exists a unique continuous linear map / from G\ into G2 
such that f(v) — f(v) for every v G G\. Moreover ||/|| < M. 

We will now give a first application of this transition method. The following two results are inspired by 
proposition 2.1.15 of Ji|. 

Lemma 6.5 Let to G and define the Hilbert space E with respect to this functional u> as described 
above. Consider a G A, b G B such that (b* pi(a*a)b)i e i is eventually bounded. Then there exists 
a sequence (o n )" =1 in N and an element v G E such that (a n )^ =1 converges to a and (A(a n )6)^_ 1 
converges to v. 



Proof : Using result we have for every i E I that aui belongs to N and A(aui) = 7r(a)u>i, which 
implies that 



||A(a«i)6||' 



( A(aui)b, A(aui)b ) = uj({A(aUi)b, A(aui)b}) 
uj((ir(a)wib,ir(a)wib}) = ui(b* pi(a*a)b) , 



where we used notation 6.2 in the last equality. Consequently, the net ( A(aui)b is eventually bounded. 
Because we also have that the net (atij)jg/ converges to a, lemma |9ii| implies the existence of a sequence 
(a n )^ =1 in the convex hull of {aui \ i G 1} C N and v G E such that (a n )^ =1 converges to a and 
(A(a n )b)^ =1 converges to v. ■ 



Proposition 6.6 Consider a G M(A) + . b G B and x G M(B) + such that there exists an element iq G I 
such that b* pi{a)b < x for every i 6 I with i > iq. Then b* p{a)b < x for every p G T ' . 
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Proof : Fix 77 6 T. 

Choose e£# with ||e|| < 1. Take uj £ B* + . 

We have for every i £ J with i > io that b* pi(a^ eai)b < b*pi(a)b < x. 

Therefore, the previous lemma implies the existence of a sequence (c„)^L 1 in N and an element v E E 
such that (c„)^ 1 converges to and (A(c„)6)^° =1 converges to v. (a) 

We have for every p £ T and n£N that 

{%H^b, A(^jb) = {T p K{c n )b,lJ^b) = w({T p A(c n )b,A(c n )b)) = u{b* p{c* nCn )b). 

From this equation and (a), we infer easily that 

(?pv,v) =u(b*p(a*eai)b) (b) 

for every p £ J-. 

In particular, we have for every i £ I with i > io that 

(TiV,v) = ui(b*pi(a2 ea,z )b) <u>(x). 

Because (T^)^/ converges strongly to 1 the previous inequality implies that ||w|| 2 < u)(x). 
Hence, using (b) with p equal to rj, we get that 

uj(b*n(aha^)b) = (%v,v) < \\v\\ 2 < w(x). 
Because u> was chosen arbitrarily, we conclude that b*r](a^eai)b < x. 

Next, we take an approximate unit (ek)k£K in A. By the previous part, we know that b*rj(ai e^ah^b < x 
for every k £ K. The convergence of (b*r)(az ek a *)b)kzK to b*rj(a)b implies that b*rj(a)b < x. 



Proposition 6.7 Consider a £ M(A) + and b £ B such that (b* pi(a)b)iei converges to an element 
x £ B + . Then the net (b*p(a)b) p£ g converges also to x. 

Proof : First, we prove that b*p(a*a)b < x for every p £ T ' . 
Therefore, fix 77 £ T . 

Choose e > 0. Then there exists an element io £ I such that \\b* pi(a* a)b — x\\ < e for every i £ I with 
i > *o- This implies that b* pi{a* a)b < x + e 1 for every i £ / with i > io- 
Therefore, the previous proposition guarantees that b*rj(a*a)b < x + e 1. 
Because e was chosen arbitrarily, this implies that b*rj(a*a)b < x. 



Now, because (b* pi{a)b)i^i converges to x, lemma 2.14 implies that (b* p{a)b) pe g converges to x. 



In the next part we will prove a major result (proposition 6.23) of this paper which allows us to resolve 
both problems mentioned in the beginning of this section. At the same time, this result will be very 
useful in the following section. We will split the proof of proposition 6.23| up in several parts. 



Fix a dense right ideal D of B. We define the set 

V = {a £ M(A) + I We have for every d £ D that the net (d* p(a)d) pe g is convergent in B}. 



By lemma 4.1, we know that V is a hereditary cone in M(A) + . 

We will denote M = {a £ M(A) \ a*a £ V} and M = N* N = span P. As usual, N is a left ideal in 
M(A), M is a sub-*- algebra of M(A) and A4+ = V. 

The following lemma follows from polarisation. 
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Lemma 6.8 Consider ai,o 2 £ Af and 61,62 € D. Then we have that the net (b2P{a2 a i)bi)peQ * s 
convergent in B. 

We are now going to construct a Hilbert-C*-module over B in a similar way as we did for the KSGNS- 
construction for C*-valued weights. 

We define the complex vector space F — Af D. Moreover 

• We turn F into a right B-module such that (a ® b)c = a ® (6c) for every a £ Af, b £ D and ceB. 

• We turn F into a semi-innerproduct module over 5 such that (62/0(0.20.1 )6i) p£ g converges to 
(ai (g> 61, 0-2 <E> 62) for every ai, 02 G JV and 61, 62 € D. 

As before, we define L = {x £ F \ (x,x) — 0}, then L is a submodule of F. Then £ is turned into a 
innerproduct module over B. We define M(A)®£) to be the completion of so M(A)®Z) is a Hilbert 
C*-module over B. 

For every a £ Af and every 6 G D, we define o<8>6 to be the equivalence class of a 6 in Then we have 
the following properties: 

1. The function TV x D -> M(A)®£> : (a, 6) a ®6 is bilinear. 

2. The set (o®6 | a G A/", 6 G D) is dense in M(A)<g>.D. 

3. For every a G A/", 6 G D and c G -B, we have that (a<g>6)c = a(g)(6c). 

4. For every ai, a 2 G Af and 61, 6 2 G D, we have that the net ^^(a^ai^i^gg converges to 

(ai<g>6i, 02(8)62). 

From the 4th property, we have immediately that 

n n n 

b* p(a* ai ) h < (£2 a t ®h, ^ a t ®b t ) (1) 

— 1 i— 1 «— 1 

for every p G 5, 01, ■ • ■, a n G Af and 61, . . .,b n £ B. Of course, this inequality remains true for p £ T. 
Also, the 4th property implies that {{xa\)®b\, 02(8)62) = (ai®6i, (a;*02)(8>62) for every 01,02 G Af and 
61, 62 G .D. We will use this fact in the following lemma. 

Lemma 6.9 Consider x G M(A), oi, . . ., a n £ Af and 61, . . ., 6„ G D. Then 

n n 

\\J2(xai)®bi\\ < \\x\\ ||5^aj®6j||. 

i=l i=l 

Proof : By the remark before the lemma, we get immediately that 

n n n n 

(^2(za i )®bi,'^2(zai)<8)bi) = (^(z* zaj&bj, ^ ai®bj) 

i—1 i—1 i—1 i—1 

for every z £ M(A) 

We know that there exist an element y £ M(A) such that ||x|| 2 l — x*x — y*y. So we see that 

n n n n 

ll x l| 2 (y^ fli<8>fej) ^ flj®&i) - (^(gaQ8)&i, ^(gflj)®6j) 

i—1 i—1 i—1 i—1 

n n n n 

= ikii 2 (y^ Qi®fej) - (y^(a?*a?Qt)®&i ? a*®^ 

i—1 i—1 i=l 
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i=l i=l 
n n 



i=l 



This implies that 



|z|| 2 (^ ai&b^^ai&bi) > (^2(xa i )<E)b l ,'^2(xa i )<S)b l ). 



i—l i—l i— 1 



Choose a; € M(j4). Then there exists a unique continuous linear mapping L x from M(A)®D into 
M(A)®£> such that L x (a®b) = (xa)®b for every a G M(A) and & G D. 

Using the remark before the previous lemma, it follows for an element x 6 M(A) that (L x v, w) = (v, L x *w) 
for every v,w G M(A)(8»D. This implies that L x belongs to C(M{A)®D) and L* = L x *. Therefore, the 
following notation is justified. 

Notation 6.10 We define the mapping 9 from A into C(M (A)®D) such that 6(x)(a®b) = (xa)cg)6 for 
x e A, a e M and b G D. Then 6 is a * -homomorphism. 

Lemma 6.11 The * -homomorphism 9 is non- degenerate and 9(x)(a®b) — (xa)®b for every a G TV, 
be D and x G M (A) . 

Proof : Choose an approximate unit (ek)keK for A. 
Take a\, . . .,a n G A/", &i, . . ., b n G D. Choose e > 0. 

By definition of the inner-product ( , ) , there exists an element p G Q such that 

n n n 

|| b*p(a*a t )b z - a,i®bi, ^ a^h) \\ < |. 

i,j — l i—l i—l 

Because p is strictly continuous on bounded sets, we also have the existence of an element ko G K such 
that 

n n 

|| ^ b*p(a*e k ai)bi - ^ b* p(a*ai)h\\ < - 

for every k G K with k > kg. 

Choose ^ G -ftT with I > fco- Combining the previous two results, we get that 



^ b*p(a*eiai)bi - (y^ai®&i,y^ai(g>fri)|| <e 



'■j=i 



Inequality ^ implies that 



^ b*p{a*eiai)bi < (^(ef a^bi, ^(ef di)®^ 

Z*,J=1 i=l 2—1 



Therefore, we get that 



ij — 1 i—l i—l 



i=l i=l 
n n 

< ai&bj, ai®bj). 



i=l 
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From this all, we infer that 



|| (6{ei)(y^ j Oj(8>6i), ai&h) - (y] aj&bj, ^ Oj®6j) \\ 

i—1 i—1 i—1 i—1 

n n n 

- II b*p(a*eia l )b l - a^h, ^ II < £• 

Hence, we see that the net ((0(e fc )Q^"=i ai&h), J27=i a,i®bi)) k& K converges to (J2"=x a t® b t, E"=i a*®&i)- 
Because (9(ek))keK is bounded, this implies that {(6(ek)v,v)) k £K converges to (v,v) for every i> 6 
M(A)®D. Using lemma 3.2 once more, we get that (0(e k ))k£K converges strongly to 1. So 9 is non- 
degenerate. 

It is easy to check that the mapping M(A) — > £(M(A)£g>D) : x i— > is a *-homomorphism extending 0. 
By unicity of the extension, we must have that 9{x) = L x for every x £ M(yl) ■ 

From the beginning of this section. We know that (p(a*>ai)) pe g converges strictly to A(a 2 )*A(ai) for 
every a%, a% G N. 

This implies immediately that TV is a subset of J\f and (A(ai)6i, A(a2)&2) = (oi<8>&i, a 2 ®&2) for every 
ax, a>2 S N and 6i, 62 G -D. From this, we get the existence of a unique isometry U from E 1 into M{A)®D 
such that C/(A(a)6) = a<8>6 for every a £ N and d E D. 

Then £/ is B-linear and (Uv, Uw) — (v, w) for every v,w G E. Ultimately, we will prove that U is also 
surjective and this will be the main result of this section. 



We want to prove the equality in lemma 6.17 (shortly after we have proven it, it will become clear why 
we need it). In order to do so, we make a transition from Hilbert C*-module theory to Hilbert space 
theory. For the next part, we will hx a positive linear functional u> on B and introduce Hilbert spaces 
with respect to u> as described in remark |6 ,4| . The same notations will be used. 

Lemma 6.12 Consider ax, ■ ■ ., a m , ci, . . ., c n G Af and b\, . . ., b m , dx, ■ ■ ■, d n G D. Let p be an element 
in T . Then 

m n m n 

Ij^u^^yi < ||^%®M \\J2 c ^ d k\\- 

j=X k=l j=l k=l 

Proof : It is possible to define a sesquilinear mapping s from M(A)QB intoC such that s(a(£)b,c(g)d) — 
ui{d* pic* a)b) for every a, c G M(A) and b,d G B. 

It is easy to check that s is positive. Therefore, the Cauchy-Schwarz inequality implies that 

m n tci n 

j = l k=l j=l k=l 

mm n n 

< s(^2 a j ® aj ® bj) s() j Ck ® dk, ^ c k ® d k ) 

3=1 j=l k=l k=l 

m n 

= u ( b *kP( a *k a j) b j) w Kp(4cjK-) 

j,k=l j,k=X 

mm n n 

< tj((y^ aj®bj, y aj®bj)) c fc ®<4, ^ c k <k>d k )) (*) 

3=1 j = l k=l k=l 



\J2 a i® b ^ 2 ii£ c *® d *i 
3=1 k=i 



2 
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where we used inequality ^ in inequality (*). Consider p G T. By the previous lemma, there exist a 
unique continuous positive sesquilinear form s p on M{A)®D such that s p (a®b,c®d) = uj(d* p(c*a)b) for 
every a,b G M and b, d G £>. The previous lemma also implies that \\s p \\ < 1. These remarks justify the 
following notation. 



Notation 6.13 Consider p G T . Then there exists a unique element D p in B(M(A)®D) such that 
{D p a®b, c®d) = uj(d* p(c*a)b) for every a, c G AT and b,d G D. We also have that < D p < 1. 

We have for every a, c G M and b,d G D that the net ({D p a®b, c®d)) p ^g converges to w{{a®d, c®d)) and 
this last expression equals (a®b, c®d) . 

Because (D p ) p ^g is bounded, this implies that ({D p v, v)) p( zg converges to (v,v) for every v G A®B. 



Referring to lemma 9.5, we get that (D p ) pe g converges strongly to 1. 



Lemma 6.14 Consider a bounded net (a k ) k ^K inAf, a G N, b G D andv G M(A)®D such that (ak)keK 
converges strictly to a and (a,k®b)k£K converges to v. Then a(E>b = v. 

Proof : Choose p G T . We have for every k G K that 



|D P 2 ak&b-Dp 2 a®b\\ 2 = ||D P 2 (a fe - a)®b\\ 2 = (D p (a k - a)<k>b, (a k - a)<k)b) 
= u{b* p((a k - a)*(a k - a))b). 



This implies that (D p a k ®b) k £K converges to D p a®b. 

1 : — I I : — I 

It is also clear that (D p a k <E)b) k ^K converges to D p v. Therefore, D p a<E>b = D p v. 
Because (D p ) p£ g converges strongly to 1, we get that a®b = v. 



Proposition 6.15 We have that U is a unitary transformation from E to M(A)®D . 

Proof : Because (Ux,Ux) — (x,x) for every x G E, we get that U is isometric. We turn to the 
surjectivity of U. 

1. Choose a G TV n A and be D. 

Inequality |l] implies for every i G / that b* pi(a*a)b < (a<S)b, a®b). 

Therefore, lemma implies the existence of a sequence (a n )%Li in N and v G E such that (a n )^Li 
converges to a and (A(a n )b) n eN converges to v. 

We have for every n G IN that 

U A(a n )b = Uk(a n )b = a n ®b, 

which implies that (a n <g>b)%L 1 converges to Uv. 
Using the previous lemma, we see that a®& = Uv. 

2. Next, we choose an element a G TV. Take an approximate unit (e k ) k ^K hi A. We have for every 
k G K that e k a belongs to N D A, so e k a®b belongs to Ran U by the first part of the proof. 

We have for every k G K that e k a®b = 9{e k ){a®b). Therefore, the non-degeneracy of 9 implies 
that (e k a®b) k ^K converges to a®b. So we get that (e k a®b) k ^K converges to a®b. 

Because Ran U is closed in M(A)®D, we conclude that a®b belongs to Ran U. 
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Because Ran U is closed in M(A)<g)D and the set (a®b \ a £ Af, b £ D) is dense in M(A)®D, we get that 
Ran U = M{A)®D. ■ 

Lemma 6.16 Consider a £ Af, b £ L>. c £ M(A),d £ B and p e T. 
Then uj{d*p(c*a) b) = w{{a®b, Ut} n(c)v p d)). 

Proof : It is enough to prove the equality for c £ N and d £ D. We have for every 01,02 £ N, 
61, 62 S B that 



; T p A(oi)6i, A(aa)6a > = ( T„A(ai)&i, A(a 2 )6 2 } = w«T,A(ai)&i, A(a 2 )6 2 }) 
= ^(63/3(02 a i) &i) = (-^p ai<8>6i, a2<8>&2 } 



(,D P C/A(ai)6i,C/A(a 2 )6 2 ) = U A(oi)6i, t/ A(a 2 )6 2 ; 



([/ D p [/A(ai)oi,A(a 2 )6 2 ) 



This implies that T p = U D P U. 
Therefore, we have that 



ui(d* p(c* a)b) = (D p a®b,c(g>d) = (a®b,D p c<k>d) 



[ a(g>b, UT p U c®d) = ( a(g>b, U T p A(c)d) 



{ a®b, UT p A(c)d ) = cj((a®&, UT p A(c)d)) 
uj{(a®b,UT^Ti{c)v p d)) 



where we used notation 2.6 in the last equality. 



Remembering that this lemma is true for every to £ B+, we get the lemma which we wanted to prove. 

Lemma 6.17 Consider a £ Af , b £ D , c £ M(A), d £ B and p £ T . 
Then d*p(c*a) b = (a<g)b, UT p K(c)v p d) . 

Before using this lemma, we need to introduce some extra noations. 
Lemma 6.18 Consider p £ T, <ii, .. .,a n £ Af and b±, .. .,&„ £ D. Then 

n n n n 

(^Tria^Vpbj^nia^Vpbj) < (%2a j ®b j ,^2a j ®b j ). 

2=1 3 = l J = l 2=1 

Proof : We have that 

n n n n n 

(^2 7r ( a j) v P b j:J2 n ^ v P b ^ = b *kP( a taj)bi < (%2a j ®b j ,^2a j ®b j ), 

2=1 2=1 j,k=l j=l 3=1 



This lemma justihes the following notation. 

Notation 6.19 Consider p £ T. We define the continuous linear mapping F p from M{A)®D into E 
such that F p (a®b) = Tr(a)v p b for every a £ Af and b £ D. We have that F p is B-linear and {F p v, F p v) < 
(v,v) for every v £ M(A)®D . 
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Definition 6.20 Consider p 6 T. We define R p = UT P F p . Therefore, R p is a continuous B-linear 
mapping from M(A)®D into M(A)®D such that \\R P \\ < 1. 



Now we will use lemma 6.17 to prove that R„ belongs to C(M(A)®D). 



Lemma 6.21 Consider p 6 J- . We have for every a\,a2 G AA and b\,02 6 D that (R p a\®b\,a2®b2) = 
62 p{o-2 oi)b\. This implies that R p belongs to C(M(A)®D) and < R p < 1. 



Proof : By lemma 6.17, we have for every a\, a 2 <E M and 6i, &2 £ -D that 



&ip(a*a 2 )&2 = {a2®b 2 ,UT p 2 Ti(a 1 )v p b 1 ) 
= (a2<E)b2,UT p ^F p a 1 <E)b 1 ) 
= (a 2 ®&2, R p ai>g>bi). 

Taking the adjoint of this equation, gives the equality 

(R p oi(8»6i, 02(862) = 6 2 p(«2 ai) 61. 

Using the complete positivity of p, this equality implies that (R p v,v) > for every v £ M(A)<8>.D. 
This equality implies that R p belongs to C(M(A)®D) and R p > 0. ■ 

Lemma 6.22 FKe /iave iftai (R P ) P eg converges strongly to 1. 

Proof : Choose a, c £ J\f and b,d E D. The definition of ( , ) and the previous lemma imply that 

{{R p a®b,c®d)) P £g converges to (a<g>6, c®d). 

Because (R p ) p& g is bounded, this implies that ((R p v, w)) p& g converges to (v, w) for every v, w £ M(A)®D 
Lemma |9^ guarantees that (R P ) P eg converges strongly to 1. ■ 

At last, we can prove that U is a unitary transformation from E to M(A)®D. 
Proposition 6.23 We have that U is a unitary tansformation from E to M(A)®D . 

Proof : Take v £ M(A)®D. For every p £ G, the definition of R p guarantees that R p v belongs to 
Ran V . The previous lemma implies that (R p v) p& g converges to v. Because Ran U is closed in M(A)®D, 
we get that v belongs to Ran U. ■ 

Lemma 6.24 • Consider a £ M (A) . Then U*8(a)U = n(a). 

• Consider p 6 Q . Then U*R P U = T p . 

Proof : 

• We have for every b £ N and c£fl that 

U*6(a)UA(b)c = U*6(a)(b®c) = U*(ab®c) 
= A(ab)c = 7r(a)A(6)c. 

This implies that U*9{a)U = n(a). 
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• We have for every ai, a 2 6 N and b±, 6 2 € D that 



(U*R p UA(a 1 )b 1 ,A{a 2 )b 2 ) = (i? p C/A( ai )6 l7 C/A(a 2 )6 2 ) 

= (J2 p (oi®6i), a 2 <k>b 2 ) — b* 2 p(a* 2 01) 61 
= (T p A(a 1 )& 1 ,A(a 2 )6 2 ) ) 



(*) 



where in equality (*), we used lemma 6.21 
This implies that U*R P U = T p . 



Lemma 6.25 Consider p G T and S G 7r(^4)' n £(£') suc/i that S*S — T p . Let v be the unique element 
in C(B,E) such that SA(c) — ir(c)v for every c G N. Then SU*(a(3b) = n(a)vb for every a G Af and 

beD. 

Proof : Choose a G Af and b G D. 

Using the previous lemma and lemma |6.21 , we find for every c G Af (~l A that 



|| SU* {c®b) || 2 = \\(SU*(c®b), SU*(c®b)) \\ = || (T p U*(c®b),U*(c®b))\\ 
= \\{UT p U*{c®b),c®b)\\ = \\(R p (c&b),c®b)\\ 
= ||&>( C * C )fe||<||6|| 2 ||c|| 2 |b||. 

So we get that the mapping N fl A — > E 1 : c 1— > SU*{c®b) is continuous. We also have for every c £ N 
that SU*{c®b) = SA(c)b = Ti(c)vb. Because is dense in A, we get that SU*{c®b) = n(c)vb for every 
c g TVn A. 

Take an approximate unit (ek)keK for A. We have for every k G K that e/c a belongs to Af PI A, which 
implies that SU*{ek a®b) = ir(ek a)vb by the first part of the proof. 
So we get for every k G K that 

w(e k )(SU*{a®b)) = S7r(e fc )LT(a®&) = STT6l(e fc )(a®6) 

= SU*(ek a®b) — n(ek a)vb = 7r(efe)(7r(a)w6). 

The non-degeneracy of it implies that SU*(a®b) = ir(a)vb. ■ 

As a special case of the previous lemma, we get the following one. 

1 

Lemma 6.26 Consider p G J- '. Then T p U*(a®b) = w(a)v p b for every a G Af, b G D. 



Now we will apply this theory for the first time. 

Proposition 6.27 Consider a G A. Then a belongs to N The net (6* p(a* a)b) p< zg is convergent for 
every b G B. 

Proof : One implication is trivial. We prove the other one. 

Therefore, suppose that (b* p(a* a)b) pg g is convergent for every b G B. We will apply the previous theory 
(which starts at page |2^) with D = B. By the definition of Af, it is clear that a belongs to Af. 



35 



Choose b € B. By result 



6.3 



and lemma p. 25 



we have for every i £ J that aui belongs to N and 



A(au l )b = %(a)wib = SiU*(a®b) 

(The mapping U was introduced at page [Si]) . 

This implies that (A(aui)b) pG g converges to U*(a<g)b). 

It is also clear that (atij)j e , converges to a. Therefore, the norm-strong closedness of A implies that a 
belongs to N (and A(a)b — U*(a(k)b) for every b S B). ■ 

The remarks at the beginning of this section guarantee that the following mapping ip is well defined: 

Definition 6.28 We define the linear mapping cp from N*N into M(B) such that y(y^ J -_ 1 b* aj) — 
y)j—! A(bj)* A(a,j) for every n€N and all a\, . . ., a n € N. 

Proposition 6.29 We have that ip is a densely defined C* -valued weight from A to B such that j\f v = N 
and ip(b*a) = A(6)*A(a) for every a, b € N. 



Proof : Define 

P = {x E A + | We have for every b £ B that the net (b* p(a* a)b) p£ g is convergent in B}. 



Then P is an hereditary cone in A + (this follows from lemma 4.1). From proposition 6.27 , we know that 
N = {a e A + \ a*a E P}. Define M = span P = N*N. Then ip is a linear mapping from M into M{B). 

We have for every n E N and all oi, . . ., a n E N and b\,...,b n E B that 

n n 

X! & fe^( a fc a j)^= £ &feA(a fe )*A(a J -)&j 

n n n 

= (Ha 3 )b J: A(a k )b k ) = (]TA( aj )^,E A ( a ^> ^ °' 

j,fe=i i=i j=i 

So, we see that ip is a C*-valued weight from i to B such that AA V — N. We have also immediately that 
ip is densely defined. ■ 



Corollary 6.30 The triplet (E,A,Tt) is a KSGNS- construction for ip. This implies that TL V = TL, T v 
T and Q v = Q. 



The last statement of this corollary follows immediately from notation 3.1 



From the beginning of this section, we know for every a E N that (p(a* a)) pe g converges strictly to 
A(a)*A(a) which is equal to p(a*a) by definition. Referring to proposition |6.27 , the definition of ip and 
definition 3.2, we have also: 

Corollary 6.31 The C* -valued weight ip is lower semi-continuous. 
Of course, we have also: 

Corollary 6.32 The C* -valued weight ip is regular and has (uj)igj as truncating net. 
In the next section, we will use the theory, introduced in this section, even more. 
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7 Regular C*- valued weights. 



In this section, we will prove some results about regular C*-valued weights. In fact, we have already 
proven the most difficult steps in the previous section. 

We will work with two C*-algebras A and B and a regular C*-valued weight <p from A into M(B). Take 
a KSGNS-construction (E, A, n) for tp. 

We will also fix a truncating net (iti)ig/ for (p. First, we recapitulate some notations and properties. 
Choose i G /. 

• We define Si to be the unique element in C{E) rnr(A)' such that SiA(a) = A(aitj) for every a G M v . 
Furthermore, we put T t = S*S t G C{E)+ n tt(A)'. 

• We have that \\ui\\ < 1, \\Si\\ < 1 and < Tj < 1. 

• Define the strict completely mapping from A into M(B) such that pj(a|ai) = A(a2)*TiA(ai) for 
every a%, a,2 G A. Then, pi belongs to T v and T Pi = T{. 

i 

• We define Vi,Wi G C(B,E) such that 7r(o)vj = T i 2 A(o) and n(a)wi — 5jA(a) for every a G A/^. 
Then the equality ||«i|| 2 = ||wi|| 2 = \\pi\\ holds. We have also that Pi{x) — v*n(x)vi — w*ir(x)wi for 
every x € M(A). This implies that v*Vi = w*Wi. 

• We have also that {ui)i^i converges strictly to 1 and that (T,-)j £ / converge strongly to 1. 
Lemma 



6.3 of the previous section implies that 
Result 7.1 Consider i € / . We /lave i/iai Au^ C A/|p and A(atij) = Tt(a)wi for every a € A. 
This result can be generalized to 

Result 7.2 Consider i G /. We /lave i/iai M{A)m C A/"<p and A(atij) = Tr(a)wi for every a £ M(A). 

Proof : Choose a G M (A). Then there exists a bounded net (ak)keK in A such that (ak)k^K converges 
strictly to a. Then (cikUi)keK converges strictly to aui. 

By the previous result, we have for every k G K that a^Ui belongs to A/jp and A[a^Ui) = ir(ak)wi. This 
implies that (A(akUi))k^K converges strongly to n(a)wi. 

The strictly-strongly closedness of A implies that aui belongs to J\f v and K{aui) = n{a)wi (definition 



4. 



Corollary 7.3 Consider % E I. Then Ui belongs to J\f v and A(u^) = Therefore, tp(u*Ui) — w*Wi — 



Proposition 4.12 implies the following one. 



Proposition 7.4 Consider i G /. We have for every a G M v that T i 2 A(a) = ir(a)vi and SiA(a) = 
ir{a)wi = A(aui) We have for every ai, 02 EAF V that ^(a^ai) = A(a2)*TiA(ai). 

The next proposition is a generalization of proposition 2.1.15 of || for C*-valued weights. 

Proposition 7.5 1. Consider a G M(A) + . Then a belongs to hA^ The net (b* pi(a)b)i e j is con- 
vergent in B for every b G B. 
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2. Consider a G M v . Then {pi{a))i^i converges strictly to tp(a). 
Proof : 

• Choose a G M(A) + such that (b* Pi(a)b)i^j is convergent in B for every b G B. Proposition |6.7| of 
the previous section implies that (b* p(a)b) p( zg v is convergent for every b € B. By definition [4.3| , we 
get that a belongs to X^. 

• Choose ai, a2 G A/" y . By the previous result, we have for every i E I that pi{a\ a*i) = A(a2)*TiA(ai) 
This implies that (pi(aj ai))jgj converges strictly to A(a2)*A(ai) = <p{a*, ai). 

These two results imply the proposition. ■ 



Corollary 7.6 Consider a G A + . Then a belongs to M.~^ <=> 27ie net {b* pi{a)b)i^i is convergent in B 
for every b G B. 



The proof of the following proposition is similar to the proof of proposition 4.16| . 



Proposition 7.7 Let a be an element in J\F V such that ip(a*a) belongs to B. Then we have for every 
i G / that pi(a*a) belongs to B and the net (pi(a*a))i^i converges to <p(a*a). 

Corollary 7.8 Let a be an element in 77 v . Then ip(a*a) belongs to B We have for every i € I that 
Pi(a*a) belongs to B and (pi(a*a))i^i is convergent in B. 

In many cases, we do not really work with M v , but rather with a core of A. The following propositions 
give certain possible cores for A. We show that they even behave better than just being a core. 

Proposition 7.9 Consider a dense subspace K of A and define the set L = (au,; | a G K, i € /). 
Let a G Af v such that A(a) ^ 0. Then there exists a net {aj)j^j in L such that 

1. ||aj < ||a|| and ||A(o,-)|| < ||A(a)|| for every j G J. 

2. (aj)j£j converges to a and (A(a,j))j£j converges strongly* to A(a). 

Proof : From the beginning of this section, we know for every i G I that it{a)wi = A(aUj) = S'jA(a), 
which implies that (ir(a)wi)i & i converges strongly to A(a). Because A(a) ^ 0, this implies the existence 
of iq G I such that Tr(a)wi ^ for every i G I with i > iq. Define Iq = {i G I | i > io}. 

For the moment, fix i G Iq- There exists a sequence (c n )^ =1 in K such that (c n )^ =1 converges to a. 
Because a ^ and n(a)wi ^ 0, there exist n G IN such that we have for all n G IN with n > n that 
c„ and ir(c n )wi ^ 0. 

For every n G IN with n> no, we define A„ = 4jpjr and p n = ite~feq] ■ Then we have that the sequences 
(A„)JJL no and (/i n )5£L„ converge to 1. For every n G IN with n > no, we define d n — min(A n ,/x n ) c„, so 
d n belongs to if. 

We get immediately that (d n )^L n converges to a. Moreover, we have for every n G IN with n > ng that 

\\d„\\ < X n \\c n \\ = \\a\\ and \\n(d n ) Wl || < fi n \\n(c n )wi\\ = \\ir{a)Wi\\ = A(a) || < ||A(a)|| 

This implies for every i G Iq and m G IN the existence of an element b m j G K such that ||6 m ,i|| < 
h(b m ,i)wi\\ < ||A(o)|| and - a|| < ^prWp 
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We define J = N x Iq and put on J the product ordering. For every j = (m, i) £ J, we put aj ~ b rn ^ Ui £ 
L. Then we get for every j = (m, i)eJ that 

IKH < \\b m ,i\\ \\ u i\\ < IMI and ll A ( a j)ll = \\Hb m ,iUi)\\ = \\Tr(b m ,i)wi\\ < ||A(a)|| . 

Now we are going to prove the convergence properties. 

1. Choose e > 0. Then 

• There exists i\ £ Iq such that \\av,i — a\\ < | for every i £ ^ with i > i±. 

• There exists an element mi G N such that — < S. 

1 mi — 2 

Therefore, we have for every j — (m, i) £ J with j > (mi, ii) that 

K'-all = \\b m ,iUi - a\\ < \\b mi iUi - aui\\ + \\aui - a\\ 

< \\b m ,i - all Ikll + ^<- + ^< — + ^<£- 
Ami mi A 

Hence, we see that (aj)j e j converges to a. 

2. Choose c £ B. Take s > 0. Then 

• There exists «i £ Iq such that ||SjA(a)c — A(a)c|| < | for every i £ Iq with i>i\. 

• There exists an element mi £ IN such that < § prim • 

Therefore, we have for every j = (m, z) £ J with j > (mi, i\) that 

||A(aj)c - A(a)c\\ = \\A(b m<i u l )c - A(a)c\\ < \\A(b m ,i m)c - A(aui)c\\ + \\A(a Ul )c - A(a)c\\ 
= \\n(b m ,i)wiC ~ n(a)wic\\ + ||S , i A(a)c - A(o)c|| < ||& m ,j - a|| \\w t \\ \\c\\ + - 

^ -ir-nrrlKIIW + ^— H c ll + f< £ - 

m \\Wi\\ + 1 2 mi 2 

This implies that (A(aj))j^j converges strongly to A(o) 



3. Because (A(a,j))j£j is bounded and (a,j)j£j converges to a, lemma 1.14 implies that (A(oj))j g j 
converges strongly* to A(a). 



If A(a) = 0, we can conclude something which is a little bit weaker: 

Proposition 7.10 Consider a dense subspace of K of A and define the set L — (aui | a £ K,i £ I). 
Let a £ Nip and M a positive number such that ||A(a)|| < M. Then there exists a net (a,j)j^j in L such 
that 

1. 1 1 d j 1 1 < ||a|| and |[A(a 3 -)|| < M for every j £ J. 

2. (aj)jgj converges to a and (A(aj))j E j converges strongly* to A(a). 

Proof : Because of the previous proposition, we only have to deal with the case that that A(a) = 0. 
We can also assume that a ^ (If a = 0, the proposition is trivially true). 
We have for every i £ / that ir{a)wi — A(aiij) = SjA(a) = 0. 
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For the moment, fix i £ I. There exists a sequence (c n )^ =1 in K such that (cn)^ =1 converges to a. 
Because a / and ir(a)wi — 0, there exist no £ N such that we have for all n S N with n > tiq that 
c„ ^ and ||7r(c„)wi|| < M, 

For every n£l with n > no, we define A n = jjrj- Then we have that the sequence (A n )^L no converges 
to 1. 

For every n £ IN with n > no, we define d n = min(A„, 1) c„, so d n belongs to K. 

We get immediately that (d n )^ =no converges to a. Moreover, we have for every nfK with n > no that 

\\dn\\ < A„ ||c„|| = ||a|| and \\^{d n )wi\\ < \\Tr(c n )wi\\ < M . 

This implies for every i £ Iq and m £ IN the existence of an element b m ^ £ K such that ||6 m ,i|| < ||a||, 
\\^{b m ,i)wi\\ < M and \\b m j - a\\ < ± \\ w ^\\+i - 

We define J = INx I and put on J the product ordering. For every j = (m, i) £ J, we put dj — b m ^ m £ L. 
We have immediately for every j = (m, i) £ J that 

INI < ||&m,i|| INI < M\ and ||A( 0i )|| = ||A(6 mii Ui)|| = ||7r(6 ro)i )u; 4 || < M . 

Similarly as in the previous proposition, one proves the convergence properties. ■ 

We would like to prove similar properties for elements in 

Proposition 7.11 Consider a dense subspace of K of A and define the set L = (av,i \ a £ K,i £ I). 
Let a £ j\f v such that A(a) ^ 0. Then there exists a net (aj)j^j in L such that 

1. IK-II < ||a|| and \\A( aj )\\ < ||A(o)|| for every j £ J. 

2. (aj)jej converges strictly to a and (A(a_,-))j 6 j converges strongly* to A(a). 

Proof : Take an approximate unit (ek)k£K for A. We have for every k £ K that a belongs to Af v 
and A(e/c a) = 7r(efc)A(a). 

This implies that (A(e^ a))k£K converges strongly to A(a). Because A(a) ^ 0, we get the existence of an 
element ko in K such that A(ek a) ^ for every k £ K with k > ko- Put Ko = {k £ K \ k > ko}. 

We define J = {(k, n,F) k £ Ko, n £ N, F a finite subset of B}. We put on J an order < such that we 
have for every j\ = (k\,n\, F\) £ K and ji — (k 2 , ri2, F2) £ K that 

jx < ]2 ki < k 2 , n\ < n 2 and i*i £ F 2 . 

In this way, J becomes a directed set. 



Choose j — (k, n, F) £ J . By proposition 7.9, there exists an element a,j £ L such that 



• INI < ||e fc o|| and [|A( 0j -)|| < ||A(e fc o)||. 



• We have that \\a,j — ae^W < —. 

• For every b £ F, we have that ||A(oj)6 — A(aefc)b|| < — . 
Then we have immediately that 

IKH < ||a|| and ||A(a,)|| < ||7r(e fc )A(a)|| < |]A(a) 

Now we turn to the convergence properties. 
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1. Choose c G A. Take e > 0. Then 

• There exists k\ G Kq such that \\ek ac — ac\\ < I for every k G -Ko with fc > fei. 

• There exists n\ S N such that — < 



m - 2(||ej| + l) • 

Put j\ — (fci,ni,0) G J. Then we have for every j = (k,n, F) G J with j > j% that k > k\ and 
n > m, therefore 

[[oj-c — oc|| < ||aj c- efeac|| + \\ekdc- ac\\ < \\a,j — a|| ||c[| + - 

1 „ „ £ 1 „ £ 
< - C +-<— C +-<£ 

n 2 ni I 

Hence we see that (a, c)j S j converges to ac. Similarly, one proves that (caj)j^j converges to ca. 
2. Choose be B. Take e > 0. Then 

• There exists fci G Kq such that ||7r(efc)A(a)6 — A(a)6|| < | for every k G i^o with k > k±. 

• There exists n\ G IN such that ^- < |. 

Put ji = (fci,ni, {6}) G J. Then we have for every j — {k,n,F) G J with j > ji that k > fci, 
?ii > n and b <G F, therefore 

||A(aj)& — A(a)&|| < ||A(o J -)&-A(e fc o)6|| + ||A(e fc a)&-A(o)6|| 

< - + ||7r(e fc )A(o)6 - A(o)6|| < — + ^<^ + ^-e. 

From this, we get that (A(a J )) : , e j converges strongly to A(a). 



3. Because (A(aj))j 6 j is bounded and {a,j)j^j converges strictly to a, lemma 4.14 implies that 
(A(aj))j e j converges strongly* to A(a). 



The following proposition can be proven in a similar way. 

Proposition 7.12 Consider a dense subspace of K of A and define the set L — (aui \ a E K, i G I). 
Let a G and M a positive number such that ||A(a)|| < M. Then there exists a net (aj)j£j in L such 
that 

1. 1 1 a, j 1 1 < ||a|| and ||A(oj)|| < M for every j G J. 

2. (aj)j<=,; converges strictly to a and (A(aj))jgj converges strongly* to A(a). 



So far, we have extended our weight to Tp in such a way that Tp takes values in M(B). However, in some 
cases it is interesting to extend ip even further and let it take values in the set of elements affiliated to 
B. Now we will take a first step in this direction. 

Lemma 7.13 Consider a G M(A) + and define the set 

D = {b G B | (b* p(a)b) p< zg v is convergent in B}. 

Then D is a right ideal in AI(B). 
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Proof : It is immediately clear that belongs to D, that D is closed under scalar multiplication and 
that D is closed under multiplication from the right with elements of M(B). The addition requires a 
little bit of explanation 

Choose b,c 6 D. As usual, we get for any p,rj 6 Q v with p < rj that 

(b + c)*(ri- p)(a)(b + c) < 2 b* (rj - p)(a)b + 2 c* (r, - p)(a)c. 

This implies that ( (b + c)* p(a)(b + c) ) P ^g v is Cauchy and hence convergent in B. Therefore, b + c belongs 
to D. m 

Definition 7.14 We define Af v to be the set of elements a in M(A) such that the set 

{b G B | (b* p{a* a)b) p ^g v is convergent in B} 

is dense in B 

Remark 7.15 It is easy to see that J\l v is a subset of AC. 



Choose a G 77 v . Take b E B. Then we have for every p 6 Q v that ir(a)v p b = T p A(a)b (corollary 4.13 ). 
This implies that (n(a)v p b) pe g converges to A(a)b. 

Next we want to define for every a G Af v an operator A(a) from B into E (which is not necessarily 
everywhere defined). The previous discussion will justify the following definition. 

Definition 7.16 Consider a G M v . Then we define the mapping A(a) from within B into E such that: 

1. The domain of A(a) is equal to {b G B \ The net (n(a)v p b)p^g is convergent in E}. 

2. We have for every b G D(A(a)) that (TT(a)v p b) pe g tp converges to A(a)(6). 
It is not difficult to check that A(a) is a B-linear map from within B into E 

The following result is rather nice and depends on the results of the previous section. 
Proposition 7.17 Consider a G AC,. Then 

1. The domain of A(a) is equal to {b G B \ (b* p(a* a)b) p ^g is convergent in B} . 

2. Let p G T v and S G ir(A)' (~}£(E) such that S*S — T p . Define v to be the unique element in C(B, E) 
such that SA(c) = ir(c)v for every c G N v . Then SK(a)b = ir(a)vb for every b G D(A(a)). 

Proof : We define the set D = {b G B \ (b* p(a* a)b) p£ g is convergent in B} . Because a belongs to 
Af<p, we have that D is a dense right ideal in B. 

Therefore, we can use the construction of M(A)®D from the previous section (and which begins at page 
p8[ ). We will use the notations of that section. The mapping U is introduced at page ^l|. 
By definition, a belongs to Af. 



Choose b G D(A(a)) . By notation 2.£ , we have for every p G Q v that b*p(a*a)b = {n(a)v p b, 7r(a)w p 6). 



This implies immediately that (b* p(a* a)b) p ^g v is convergent in B. Therefore, b belongs to D. 



• Choose b G D. Then we can look at a®b G M(A)®D. By lemma 6.26 , we know hat Tr(a)v p b = 
i 

T p U*(a(g)b) for every p G Q v . This implies that {^(a)v p b) p ^g v converges to U*(a<S>b). By definition, 
we get that b belongs to D(A(a)) and A(a)6 = U*(a<Z 
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So we get that D(A(a)) = D and A(a)b = U*(a(g>b) for every b £ D. Therefore, statement 2) of the 
proposition follows from lemma 6.25. ■ 



Remark 7.18 By the second statement of the proposition, we have for every a £ M v that the mapping 
D(A(a)) — > E : b i— > SA(a)b is continuous. 

Corollary 7.19 Consider a £ M v . Then we have for every p £ Q v and b £ D(A{a)) 

i 

£/ia£ Tp A(a)b — Tr(a)v p b. 

We have also the following result. 

Corollary 7.20 Consider a £ M(j4). TTien a belongs to M v 

i/ie sei {6 £ B \ The net (ir(a)vpb)p G g^ is convergent in E} is dense in B. 



Proof : The implication from the left to the right follows from proposition 7.17. 
On the other hand, suppose that the set above is dense. 

Let b be an element in B such that (TT(a)v p b)p^g lp is convergent in E. Because b* p{a*a)b 



(■7r(a)v p b,ir(a)vpb) for every p £ Q v (see notation 2J3), this implies that the net (b*p(a*a)b) pe g y3 is con- 
vergent in B. 

Using this result, the density of the set above implies that a is an element of A/I 
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Proposition 7.21 Consider a £ M v . Then A(a) is a closed densely defined B-linear map from within 
B in E. 

Proof : It follows from the previous result that A(a) is densely defined. We turn to the closedness. 
Take a sequence (b n )^ = i in D(A(a)) and elements b £ B, x £ E such that (b n )^Li converges to b and 
(A(a)6„)^ =1 converges to x. 



Choose r\ £ Qtp. By notation [2J}, we have for every n £ IN that 

i i 

{T v 2 A(a)b n ,TJ A(a)b n ) = (ir(a)v v b n , n(a)v v b n ). 
From this, we get easily that 

i i 

(T^f x,T^f x) = (i:(a)v ri b,TT(a)v ri b) = b*rj{a* a)b. 



Therefore, the net (b* p{a* a)b) pe g converges to (x,x). By proposition 7.17 , we see that b belongs to 
D(A(a)). 

i i 
Choose rj £ Q v . It is clear that {T^ A(a)b n )^ =1 converges to T^x. 

i i 
Because the mapping D(A(a)) — ► E : c i— > T^ A(a)c is continuous, we have also that (T^ 2 A(a)6„)^_ 1 

i i i 

converges to TJ A(a)b. Hence, Tifx = T,f A(a)b. 

The fact that (T p ) pe g vi converges strongly to 1, gives us that A(a)b = x. 

Consequently, we have proven that A(a) is closed. ■ 



Another consequence of proposition 7.17 is the following result. 
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Result 7.22 Consider a € Afip, p G T v and let S be an element in C(E) n Tt(A) 1 such that S*S = T p . 
Define v to be the element in C(B,E) such that SA(c) = tt(c)v for every c £ Af v . We have for every 
x G E that S*x belongs to D(A(a)*) and A(a)*(S*x) = v*ir(a*)x. 



Proof : By proposition 7.17 , we have for every b £ D(A(a)) that 

(A(a)b, S*x) = (SA(a)b,x) = (ir(a)vb,x) = {b,v*ir(a*)x). 
The result follows immediately. 
A special case hereof is the following result. 

i i 
Result 7.23 Consider a G N v , p 6 T 9 and x € E. Then Tp x belongs to D(A{a)*) and A(a)*(T p 2 x) 

v*ir(a*)x. 

So we get the following density result. 

Corollary 7.24 Consider a G M v . Then A(a)* is densely defined. 



Using proposition 7.17 once more, we find 



Result 7.25 Consider ai,a 2 G J\f v and bi G D(A(a 1 j), b 2 G D(A(a 2 )). Then (T p A(a 1 )b 1 , A(a 2 )6 2 ) 
&2 p(a 2 ai)&i /or every p G J 7 ^. 



Proof : By corollary 7.19| , we have that 



(TpA(oi)6i,A(oa)6a) - (r»A(ai)6i, T p 3 A(a 2 )6 2 ) = <7r(oi)« p 6i,7r(a9)« p 6a) 
= b* 2 v* 7r(a2 ai)vpb\ — b* 2 p{a\ a\)b\ 



where we used notation 2.6 in the last equality. 



This implies immediately the following convergence result. 

Result 7.26 Consider a\, a 2 G Af v and b\ G D(A(ai)), & 2 G I?(A(a 2 )). Then the net (b^ p(a 2 o-i)bi) pe g 
converges to (A(ai)6i, A(a 2 )6 2 ). 



Remark 7.27 By using result 7.25, it is easy to see that the following holds. 

Consider a G N v . We have for every c G Af v , b G D(A(c)) and p G J- v that T p A(c)b belongs to D(A(a)*) 
and A{a)*{T p A{c)b) = p(a*c)6. 



Remark 7.28 Consider a G A/" y . We see that A(a) is a densely defined closed i?-linear operator from B 
into E such that A(a)* is densely defined. So, it behaves rather well. 

The question remains open whether it behaves perfect, i.e. whether A(a) is a regular operator in the 
sense of (which is true if B is commutative). Therefore, we will give the following definition. 

Definition 7.29 We define the set N v = {a G N v \ A(a) is regular }. 
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Remark 7.30 By the results proven so far, we have that 

— {a G M v | 1 + A(a)*A(a) has dense range in B}. 

It seems to be an interesting question to look for simpler conditions on elements of M v in order for them 
to belong to N v . 

Of course, the following is true. Consider a G N v such that there exist a positive element 8 afilliated 
with B such that 5 C A(o)*A(o). Then a belongs to a\, and A(a)*A(a) = (5. 

Proposition 7.31 We have the following properties: 

1. Consider a, b G Af(A) suc/i i/iai a* a = b*b. Then a belongs to M v ^=> b belongs to Mu> 

2. Consider a, b G A/"„ smc/i £/iat a*a = 5*6. TTien £)(A(a)) = D(A(6)) and (A(a)x, A(a)y) = 
(A(b)x, A(b)y) for every x,y G D(A(a)). 

3. Consider a, b G A/^ sucft t/iat a*a = 6*6, fften A(a)*A(a) = A(6)*A(6). 

4-. Consider a, b G M(A) smc/i that a*a = b*b. Then a belongs to J\f v 4=> b belongs to J\f v . 

Proof : 

1. This follows immediately from the definition of M v . 



2. Proposition 7.17.1 implies immediately that D(A(a)) — D(A(b)). 



Choose x,y G D(A(a)). Result 7.25| implies that 



(T p A(a)x, A(a)y) = y* p(a*a)x = y*p(b*b)x = (T p A(b)x, A(b)x) 

for every p G Q v . 

Because (T p ) p£ g v converges strongly to 1, this implies that (A(a)x, A(a)y) = (A(b)x,A(b)y). 

3. Choose x G D(A(a)*A(a)). It is clear that x belongs to D(A(a)). So by 2, we have that x belongs 
to D(A(b)). 

By 2 we have also for every y G D(A(b)) that y belongs to D(A(a)) and 

(A(b)x,A(b)y) - (A(a)x,A(a)y) = (A(a)*(A(a)x), y). 

This implies by definition that A(b)x belongs to D{A(b)*) and A(6)*(A(6)a;) = A(o)*(A(o)a:). 

From this discussion, we infer that A(a)*A(a) C A(6)*A(6). Similarly, we have that A(6)*A(6) C 
A(o)*A(o). 

4. This follows from 1 and the fact that we have for every c G M v that A(c) is regular if and only if 
1 + A(c)*A(c) has dense range in B. 



Definition 7.32 We define the set M+ = {a G M(A) + \ a? belongs toJ\f v }. For every a G M + , 
put if (a) = A(a^)*A(a^), so f(a) is a positive element affiliated with B. 
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It is clear that Ai C and that for every a £ M the notation <p(a) is consistent with the notation 
introduced before. 

The previous proposition implies the following one. 
Proposition 7.33 Consider a £ M(A). Then 

1. a belongs to Af v <^> a* a belongs to M.^. 

2. If a belongs to Nip, then ip(a*a) — A(a)*A(a). 



We have also the following generalizations of proposition 7.5. 
Proposition 7.34 Consider a £ N v . 

1. Let b be an element in B. Then b belongs to the domain of A(a) 

The net (b* pi{a*a)b)i^i is convergent in B. 
The net (ir(a)vib)i£i is convergent in B 
The net (Tr(a)wib)i£i is convergent in B 

2. Let b be an element in D{A{a)). Then (Tr(a)vib)i e i and (ir(a)wib)i£i converge both to A(a)b. 

Proof : We prove everything with respect to the elements Vi (i £ /). The case with the elements 
Wi (i £ /) is completely similar. 



• Suppose that b belongs to D(A(a)). We know by corollary 7.19 that n(a)vib — T^ A(a)b for every 
i £ /. Therefore, the net {-K{a)vib)i^i converges to A(a)b. 

• Suppose that [i:{a)vib)i^i converges. We have for every i £ / that b*pi(a*a)b = {ir(a)vib, ir(a)vib) . 
This implies that (b* pi{a*a)b)i^i converges. 

• Suppose that (b* pi(a*a)b)i^i converges. By proposi tion |6.7| , we know that (b* p(a*a)b) pe g ip con- 
verges. Therefore, b belongs to D(A(a)) (proposition [7.17 ). 

Combining these results, the proposition follows. ■ 
Similarly, we have that 

Proposition 7.35 Consider a £ M(A). Then a belongs to N v 

<J4> the set {b £ B \ (b* pi(a*a)b)i£i is convergent in B} is dense in B. 

the set {b £ B \ (ir(a)vib)itzj is convergent in E} is dense in B 

the set {b £ B \ (TTi(a)wib)nzj is convergent in E} is dense in B 



8 The tensor product of regular C*-valued weights. 

In this section, we are going to define and prove some properties about the tensor product of two regular 
C*-valued weights, (cfr. § for weights). This procedure can be easily adapted to the case of the tensor 
product of more regular C*-valued weights. 

For the rest of this section, we will fix C*-algebras Ai,A 2 , Bi,B 2 and regular C*-valued weights v?i from 
Ax into M(Bi) and ip 2 from A 2 into M(B 2 ). 

Let us also take KSGNS-constructions (^i,Ai,7Ti) for ipi and (E 2 , A2,7T2) for ip 2 . 
We will also fix a truncating net {u\)i^j 1 for ipi and a truncating net (uf)i^i 2 for tp 2 
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Take k £ {1, 2} and i £ I k . 

We define to be the unique element in £(£*) such that S^Afc(a) = A^auJ) for every a G A/^ h . 
Furthermore, we put T* = (S?)*(Sf). 

Moreover, p\ will denote the strict completely positive mapping from A k into M{B^) such that 
Pi( a 2 °i) = A fc (a 2 )*lf Afc(oi) for every ai,a 2 G A/" Vfc . 

We have introduced the necessary notations, so we can start with the construction of the tensor product. 

• The set Af Vl QN V2 is a dense subalgebra of A\ A 2 . Furthermore, Ai A 2 is a linear mapping from 
M Vl &M V2 into C(Bx®B 2 ,E 1 ®E2) such that the set ( (Ai©A 2 )(e)d | c G M Vl QjV V2 ,d £ B 1 (g>B 2 ) 
is dense in E\ ®E 2 . 

• Choose % G Ji X J 2 . Define = T± © i; 2 2 G £(£i © £ 2 ). Then < T< < 1. 

Furthermore, we put pi = © pf 2 which is a strict completely positive mapping from A\ © A 2 into 
M{B l ®B 2 ). 

It is easy to check that (Tj(Ai A 2 )(ci)g?i, (Ai © A 2 )(c 2 )e? 2 ) =c? 2 pi(c2 c\)d\ for every ci,c 2 G M Vl 
A/" P2 and d 1 .d 2 £B 1 Q B 2 . This implies that (T;(Ai A 2 )(ci)di, (A x A 2 )(c 2 )d 2 ) = d* 2 p t (c^ ci) di 
for every ci, c 2 G A/" Vl Q M V2 and rfi, rf 2 £ Bi® B 2 . 

• It is also clear that (Ti)j e / lX / 2 converges strongly to 1. 

The previous discussion implies that the elements A\ © A 2 , £>i ® £? 2 , Ei®E 2 , J\f ipi @N V2 , Ai A 2 satisfy 
the conditions of the beginning of section Therefore, Ai A 2 is closable for the norm topology on 



A\ A 2 and the strong topology on L(Bi B 2 ,E\ E 2 ) (lemma 5.1). We define Ai A 2 to be this 
closure of Ai A 2 . We denote the domain of Ai A 2 by N. 



Then N is a dense subspace of A\ A 2 which is a left ideal of M(Ai A 2 ) (proposition |5.1C ) 



The remark after lemma 5.3 and proposition 5.11 imply that Ai A 2 is a linear mapping N into 
C{B\ B 2 , Ei E 2 ) which is closed for the strict topology on A\ A 2 and the strong topology on 
L{B\ B 2 , Ei E 2 ). 

It is easy to check that (iri 7r 2 )(a;)(Ai © A 2 )(c) = (Ai A 2 )(xc) for every x, c £ Af lf>1 N V2 . Using 



proposition 5.1C, we see that (tti 7r 2 )(a;)(Ai A 2 )(c) = (Ai A 2 )(xc) for every x £ M(A\ A 2 ) and 
c £ N . 

Now we want to go a little bit further in our construction procedure. 

• Choose i £ Ii x I 2 . Then we define Ui — u\ uf £ M{A\ A 2 ), so we have clearly that ||tij|| < 1. 
Moreover, define Si = S\ x ®S\ , then S t £ C{E X (g> E 2 ) and \\S l \\ < 1. We have also that T t = S*Si. 

It is straightforward to check for every c G M lpi Af Vl that cui belongs to M lpi M V2 and 



Si (Ai A 2 )(c) = (Ai A 2 )(cui). Hence, lemma |5.15| implies that Nm C N and that 
Si (Ai A 2 )(c) = (Ai A 2 )(ciii) for every c £ N 

• It is clear that (Si)i^i lX i 2 converges strongly to 1 and that (Ui)iei lX i 2 converges strictly to 1. 
We are now in a position to define the C*-valued weight ipi tp 2 . 

Definition 8.1 The elements Ai A 2 , Bi B 2 , E\ © E<x , N and Ai A 2 satisfy the conditions of the 



beginning of section Therefore, we can use definition 6.28 to define the tensor product ipi tp 2 , using 
these ingredients. 



By corollary 3.32, we have the following proposition. 
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Proposition 8.2 We have that <p\ ® ip2 is a regular C* -valued weight from A\ ® A2 into M(Bi (g) B 2 ) 



Corollary 3.30 implies the following proposition. 



Proposition 8.3 We have that [E\ (g> E2, Ai <g A2, 7Ti (g 7r 2 ) «s a KSGNS- construction for (fx® (f2- 

Using this proposition, it is not difficult to check that our definition of ip± <g (f2 is independent of the used 
construction procedure. 



This last proposition determines tp% (g ^2 completely and definition 8.1 becomes in a certain sense irrele- 
vant. In fact, we want to forget the discussion before the definition. To keep things clear, we gather the 
useful results of this discussion. 

Proposition 8.4 The mapping Ai®A2 is a linear mapping from M Vl c SV2 into C{B\® B2, E\® E2) which 
is closed for the strict topology on A\ ® A2 and the strong topology on L(B\ ® B2, E\ <g i? 2 ). 
Moreover, Af Vl N V2 is a norm-strong core for Ai (g A2 and (Ai <g A2)(ai <g 02) = Ai(ai) (g A2(a2) for 
every a\ G N Vl and 02 £ M V2 . 

For every i e Ji x I 2 , we have defined the element Ui = uj (g uf 2 £ M(A\ (g A2). Furthermore, we have 
defined the elements S* 4 = S£ ® Sf 2 and T< = T£ ® i; 2 2 in £(£1 ® £ 2 ). So T, = SfSi. 
We also defined the element pi = pj i (g p\ 2 , which is a strict completely positive mapping from A\ (g A2 
into M(Bi ®B 2 ). 

Concerning this elements, we have the following properties. 
Proposition 8.5 The net (ui)i e i lX i 2 is truncating for ipi (g (f2- 

From this, we get immediately that ipi (g if2 is strongly regular if tp± and ip2 are strongly regular. 
Proposition 8.6 Consider z 6 Ji X I2. Then we have the following properties: 

• We have for every c £ J\f Vl ® V2 that Si (Ai (g A2)(c) = (Ai <g A2) (cui). 

• For every ci, C2 6 A/"^®^, we /iai>e i/ie equality Pi(c2 c\) = (Ai (g A2)(c2)Tj(Ai (g A2)(ci). 

• PFe /iai>e i/ie inclusion {Af ipi &Af V2 )ui C A/" yi Q M V2 

Take ft £ {1,2} and i £ /fe. Then and will denote the unique elements in C(Bk,Ek) such that 
(T t k )iA k (a) = Tr k (a)v k and Sf A fc (a) = n k (a)w$ for every a € Af Vk . 

For every sg Ji x 7 2 , we define the elements and lOj in (g B2, E\ ® E2) such that Vi = (g v\ 2 

and = tii (g «;? . It will not be a great surprise that these elements will be the corresponding objects 
for ipi (g cf2- More precisely: 

Result 8.7 Consider i £ I\ x/ 2 - T/ien we /iawe thatT? A(c) = (7rj (E)7r 2 ) (c)ui and S'jA(c) = (7ri(g)7r 2 )(c)iyj 
/or every c G N Vl ^ V2 . 

Result 8.8 Consider ui 1 ^ T Vl and u>2 £ J- V2 . Thenu>i®ui2 belongs to J 7 Vl <g >V2 andT UJl ® U j 2 = T Ul ®T U2 . 
Both results follow by checking equalities for elements in J\f Vl &M V2 and then using the fact that M ipi Q)M V2 



is a norm-strong core for Ai ® A2. (like in the proof of lemma 5.15) 



Corollary 8.9 Consider w\ G Q ipi and L02 G Q V2 . Then u)\ ®u)2 belongs to G Vl ® V2 
The following lemma will be very useful to us. 
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Lemma 8.10 Consider c £ M(Ai (g> A 2 ) + , d £ B\ (g> B 2 and x £ B\ ® B 2 such that the net 
(d*(uj 1 (g)UJ2)(c)d) uje g viX g v2 converges to x. Then (d*uj{c)d) uje g pie)V2 converges to x. 

Proof : Because ® uj 2 ){c)d) iA)e g lpi xg V2 is an increasing net in B which converges to x, we get 

that d*(u>i ® uj 2 )(c)d < x for every u)% £ Q Vl and cj 2 £ Q V2 - From this, it is easy to conclude that 
d*(u>i <S> u>2)(c)d < x for every w\ £ T Vl and u>2 £ 3~ V2 . 



In particular, we see that d*pi(c)d < x for every i £ 1% X / 2 . From proposition 6.6, we infer that 
d*p(c)d < x for every p £ J- Vl ® V2 . 



Because we also have that {d*{u>\ ® W2)(c)d) U £G vl xg vo converges to x, lemma 2.14 implies that 
{d*uj{c)d) pe g vifSv2 converges to x. ■ 

We will find a first application of this lemma in the next theorem, which gives a nice characterization of 

(fil <£> f2- 

Theorem 8.11 We have the following properties. 

1. Consider c £ M(A\ ® A 2 ) + . Then c belongs to K / C Pl ® V2 <^> The net (d*(ui ® u) 2 ){c)d )^eg vi xg V2 
is convergent in B\ ® B2 for every d £ B\ ® B 2 ■ 

2. Let c be an element in M V1 ® V2 ■ Then the net ( (u>i ® w 2 )(c) ) w ec? vi xQ V2 converges strictly to 
(<Pi <8> ¥>2)(c). 



Proof 



Suppose that the net ( d*(u>i (g) w 2 )(c)d )ueQ vl xG V2 1S conver g en t i n Bi ® B 2 for every d £ B\ ® B 2 . 
By the previous lemma, we see that (d*u)(c)d) u] ^g lpi(Sip2 is convergent for every d £ B\ ® B 2 . By 
definition, this implies that c belongs to M. Vl ®u} 2 - 



Choose ci, c 2 £ A/^®^. We know by result j^Sj that 



(a>i <8> uj 2 ){c* 2 ci) = (Ai ® A 2 )(c 2 )*(T Wl <g T W2 )(Ai $ A 2 )(ci) 
for every w £ x Q V2 . 

Because the net (T Ul ® IL^^gg xe V2 converges strongly to 1, this implies that the net 

( (u>i (g) w 2 )(c 2 ci) xe V2 converges strictly to (Ai <8> A 2 )(c 2 )*(Ai ® A 2 )(ci) which is equal to 

(ipx ® ^ 2 )(c 2 Ci). 

The proposition follows easily from these two items. ■ 

Corollary 8.12 Consider c £ (Ai ® A 2 ) + . TTien c belongs to M.% 1 tg SV2 & The net 
(d*(u>i <8> w 2 )(c)o!) we <j vi x g V2 is convergent in B\ ® _B 2 /or every d £ B\ <S>-B 2 . 



Corollary 8.13 Consider a\ £ M Vl and a 2 £ M. V2 - Then a\ ® a 2 belongs to A4 Vl( ^ V2 and 
(ipi ® y 2 )(ai ® a 2 ) = (p(ai) ® ^(a 2 ). 



In fact, this corollary follows easily from theorem 8.11 for a\ £ M.^ and a 2 £ .M^ Q . Because any element 

7+ 



of A4 Vl can be written as a linear combination of elements in M V1 (and similarly for M V2 ), the corollary 
follows. 

Corollary 8.14 Consider a\ £ Ad Vl and a 2 £ M V2 . Then a\ ® a 2 belongs to A4 Vl ^ V2 . 
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A result which is very much related to this one, is the following one. 

Result 8.15 Consider ai £ ^ and a 2 £ A7" V2 . X7ienai0a 2 belongs to77 ipi ® V2 and (Ai0A 2 ) (01(8102) = 
A(ai) (8) A(o 2 ). 



Proof : Because a^afc belongs to .M^ (fc = 1,2), corollary 8.13 implies that a\a\ a\a 2 belongs to 
M Vl ® va . Therefore, a\ ® a 2 belongs to J3' ipi ® V2 . 

Choose e\ G A\ and e2 G A%. Then belongs to M Vk and Afc(efcOfe) = 7r(efe)A/ c (a / t) (k = 1,2). By 

definition, we get that eiai 18 e 2 <22 belongs to N Vl ® V2 and 

(Ai A 2 )(eiai (8 e 2 a 2 ) = Ai(eiai) <8 A(e 2 a 2 ) = (TTi(ei) 7r 2 (e 2 )) (A 1 (ai) (8 A(a 2 )). 

This last equality implies that 

(7ri(ei) 7r 2 (e 2 ))(Ai A 2 )(ai o 2 ) = Mei) (8 7r 2 (e 2 )) (Ai(oi) A(a 2 )). 

Using the non-degeneracy of 7Ti and 7r 2 , we get that (Ai (8 A 2 )(ai (8 o 2 ) = Ai(ai) A 2 (a 2 ). ■ 



Using proposition 7.9 (and the subsequent results) and proposition p.6|.3 , we get the following results 



Proposition 8.16 Consider x 6 A/"^®^ suc/i i/iai (Ai <8 A 2 )(x) =^ 0. T/ien i/iere exists a net (xj)j e j in 
M Vx A^ 2 sucft that 

1. \\xj\\ < \\x\\ and ||(Ai ® A 2 )(ar,-)|| < ||(Ai ® A 2 )(x)|| for every j G J. 

2. (xj)j e j converges to x and ( (Ai (8 A 2 )(xj) )je,/ converges strongly* to (Ai (8 A 2 )(x). 

Proposition 8.17 Consider x G A r ¥ , 1( g ¥ , 2 and Zet M be a positive number such that ||(Ai 0A 2 )(x)|| < M. 
TVien £/iere exists a net (xj)j^j in J\f Vl A/" V2 sucft £/ia£ 

Ikjll < INI a«rf ||(Ai A 2 )(.t,-)|| < M /or every j G J. 

(xj)j£j converges to x and ( (Ai A 2 )(xj) )jgj converges strongly* to (Ai (8 A 2 )(x). 

Proposition 8.18 Consider x G Ntp^tpz such that (Ai A 2 )(s) ^ 0. 77ien i/iere exists a net (xj)j^j 
in M V2 such that 

1. \\xj\\ < \\x\\ and ||(A X A 2 )(a: 3 -)|| < ||(Ai A 2 )(a;)[| for every j G J. 

2. (xj)j£j converges strictly to x and ( (Ai A 2 )(a; 3 ) converges strongly* to (Ai A 2 )(x). 

Proposition 8.19 Consider x G A/" Vl ® V2 and let M be a positive number such that ||(Ai0A 2 ) (x) \\ < M. 
Then there exists a net (xj)j^j in M lfil 0A/" V2 such that 

1- \\xj\\ < \\x\\ and ||(Ai A 2 )(a; i )|| < M for every j G J. 

2. (xj)j<=j converges strictly to x and ( (Ai A 2 )(:Tj) )j<=j converges strongly* to (Ai 0A 2 )(x). 



In the last part of this section, we want to prove some results about elements in M ipi 
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Proposition 8.20 We have the following properties: 

1. Consider c £ ■Afip 1 ^tp 2 and d £ B\ B 2 Then d belongs to D((Ai A2)(c)) The net 
(d*(uji ® t02){c* c)d) ue g vi - K g vo is convergent in Bi®B 2 - 

2. Consider c\,c 2 £ Ntpi®ip 2 an d d\ £ D((Ai A2)(ci)) ; c?2 £ -D((Ai A2)(c2)). Then we have that 
the net (dZ, (uji w 2 )(c| ci) di ) w ee vi x g V2 converges to {(Ai A 2 )(ci)di, (Ai (g) A 2 )(c 2 )d 2 ). 



Proof 



Choose c £ M ipi (g, ip2 . Suppose that d is an element in B\ B 2 such that the net 



(d*(u>i u>2){c*c)d) UJ (zg vi y.g V2 is convergent in B\ (g B 2 . By lemma 3.10, we know that the net 
( d*oj(c*c)d )u>eG v ® v is convergent in B\ B 2 . Using proposition 7.17, we see that d belongs to 
D((A 1 ^,A 2 )(c)). 1 ' 



• Choose ci,c 2 £ N Vl ® V2 and d\ £ D((Ai (g A 2 )(ci)), d 2 £ -D((Ai ®A 2 )(c 2 )). By result |7.25| and 
result 8^ , we have for every ui € x 5 V2 that 

d* 2 (wi 8>w 2 )(c2 c x )rfi = ((T U1 ®T W2 )(Ai A 2 )(ci)di,(Ai A 2 )(e 2 )d 2 ). 

This implies immediately that the net ( d^ (^i w 2 )(c2 ci) di ) lll6 g tJi X {7 V2 converges to 
((Ai <g A 2 )(ci)di, (Ai A 2 )(c 2 )d 2 ). 

Combining these two results, the proposition follows. ■ 

Proposition 8.21 Consider c € M(A\ <g A 2 ). T/ien c belongs to J\f Vl ^ lfl2 The set 

{d £ £?i £?2 I i/ie net (d*(wi ®W2)(c*c)d) I1)e 5 (JiX g 4 , 2 is convergent in B\ B2} 
is dense in B\ (g B 2 . 

One implication of this proposition follows from the previous proposition. The other one follows from 



lemma 3.10 



Proposition 8.22 Consider a± £ N Vl and a 2 £ . TTien ai(g)a 2 belongs to M Vl ®ip 2) Ai(ai) A 2 (a 2 ) 
«s closable and its closure is a restriction of (A\ (g A 2 )(ai (g a 2 ). 

Proof : 

• Choose di £ D(A 1 (ai)), d 2 £ D(A 2 (a 2 )). 
We have for every wi £ 5 Vl and w 2 £ ^2 that 

(di (g d 2 )*(wi (g <x> 2 )((ai a 2 )*(ai (g a 2 ))(di (g d 2 ) = d* wi(a* ai) d x (g dj w 2 (a 2 a 2 ) d 2 . 

Using result 7.26| , this implies that the net 

((di 0d 2 )*(^i (gw 2 )((ai (ga 2 )*(ai (ga 2 ))(di ® cfe) ) wga?j 



converges to (Ai(ai)di, Ai(ai)di) (g (A 2 (a 2 )d2, A 2 (a 2 )d : 



2/ 



Therefore, we conclude from the two previous propositions that a\ ®a 2 belongs to N Vl ($ V2 and that 
£>(Ai(ai)) D(A 2 (a 2 )) is a subset of £>((Ai A 2 )(ai a 2 )). 
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• Choose di G D(Ai(a\)) and <i 2 G Z?(A 2 (a 2 )). From the first part we already know that d\ <g> <i 2 
belongs to D((A 1 ® A 2 )(oi <8> a 2 )). 

Choose 61 G A/" Vl , 62 € A/"^ 2 , ci G Si and c 2 G £> 2 . Then we have for every uj\ G and 0J2 G 
that 

(ci ® c 2 )*(^i ® w 2 )((6i (8) 6 2 )*(ai ® a 2 ))(di ® d 2 ) = cj ai) di ® c 2 w 2 (6 2 a 2 ) d 2 . 
Using result 7.26| , this implies that the net 



( (ci ® c 2 )*(wi <8 uj 2 )((h ® 6 2 )*(ai <g> a 2 ))(di ® d 2 ) L eg(l ® ff 

converges to (Ai(ai)di, Ai(&i)ci) ® (A 2 (a 2 )e? 2 , A 2 (6 2 )c 2 ) which is equal to 
(Ai(oi)di <g> A 2 (o 2 )d2,Ai(6i)ci ® A 2 (6 2 )c 2 ). (a) 

On the other hand, proposition 8.20| guarantees that the net 



((ci ® c 2 )*(^i ®wa)((6i (8 fta)*(oi <8 a 2 ))(di <8 *)) we0 X{ , M 

converges to ((Ai <8> A 2 )(ai ® a 2 )(di ® d 2 ), (Ai ® A 2 )(6i ® 6 2 )(ci ® c 2 )) which by definition equals 
((Ai <g A 2 )(oi ®a 2 )(di ® d 2 ),Ai(6 x )ci <g> A 2 (6 2 )c 2 ). (b) 
Combining (a) and (b), we get that 

(Ai(ai)di ® A 2 (a 2 )d 2 ,Ai(fei)ci <g> A 2 (6 2 )c 2 ) = ((Ai <g A 2 )(a x ® a 2 )(di ® d 2 ), Ai(6 x )ci ® A 2 (6 2 )c 2 ). 
From this, we infer that (Ai A 2 )(ai a 2 )(di <8> d 2 ) = Ai(ai)di £g> A 2 (a 2 )d 2 . 

Hence, we have proven that Ai(ai) © A 2 (a 2 ) C (Ai ® A 2 )(ai ® a 2 ). Because (Ai <g> A 2 )(ai ® a 2 ) is 
closed, the lemma follows. 



Remark 8.23 Consider Hilbert C*-modules F\,F2 over a C*- algebra C. Let i be a regular operator 
from within F\ into -F 2 . A truncating sequence for t is by definition a sequence (e n )^ =1 in £(Fi) such 
that 

1. We have for every n G IN that ||e„|| < f. 

2. The net (e n )^ D =1 converges strictly to f . 

3. We have for every n G IN that e n \t\ C |t| e ra and |t| e„ belongs to C(F\). 

We should mention that, by using the functional calculus for |t|, we get the existence of a truncating 
sequence for t. 

Let us take a truncating sequence (e n )Jj° =1 for t. 

We know that D{t*t) is a core for t and \t\. It is easy to check that ||f(x)|| = || |i|(x)|| for every x G D(t*t). 
Using these two facts and the closedness of t and \t\, it is not difficult to check that D{t) = D(\t\) and 
that ||i(x)|| = || |£|(x)|| for every x G D(t). We will use this result a few times during this remark. 

For the moment, fix n G IN. Because D{t) = D{\t\), we have for every x G A that e n x belongs to D(t). 
Moreover, we have for every x G A that ||i(e„x)|| = || i|(e„x)||. 

This equality implies that the mapping te n is bounded and ||te„|| = || |i|e„||. It is not difficult to check 
that e* n t* C (te n )*, which implies that (te„)* is densely defined. 

These two facts imply that te n belongs to C(Fi, F 2 ). We also get that e*t* is bounded and (te„)* = e* n t* . 
Choose x G A. Then 
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• If x belongs to D(t), then (t(e n x))%L 1 converges to t(x). 

Because x belongs to D(t), x also belongs to £>(|i|). 
Moreover, we have for every n G IN that 

||i(e„x) - t{x)\\ = || \t\(e n x - x)\\ = ||e„ \t\(x) - \t\(x)\\ , 

which implies that (t(e n x))^' =1 converges to t(x). 

• We have that x belongs to D(t) <^> The net (t(e n x))^ =1 is convergent. 

One implication follows from the first part, the other implication follows from the closedness of 
t and the fact that {e n x)^=i converges to x. 

The above results will enable us to prove the following theorem. 

Theorem 8.24 Consider a\ G M lfil and a 2 G Then a\ <S> a 2 belongs to J\f ipi ^ lfi2 and 

(Ai ® A 2 )(ai ® a 2 ) = Ai(<n) ® A 2 (a 2 ). 

Proof : By the previous lemma, we know that a\ ® a 2 belongs to Af ipi ^ )ip2 and Ai(ai) ® A 2 (a 2 ) C 
(Ai ® A 2 )(ai ® a 2 ). 

Take truncating sequences (e n )^ =1 , (f n )^Li for Ai(ai), A 2 (a 2 ) respectively. It is not too difficult to check 
that (e„ ® f n )^Li is a truncating sequence for Ai(ai) ® A 2 (a 2 ). 

Choose m G IN. We will first prove that (Ai ® A 2 )(ai ® a 2 )(e m ® / m ) = (Ai(ai) ® A 2 (a 2 ))(e m ® / m )- 

Choose y G i?i ® B 2 ■ Then there exists a sequence (yj)j*Li in i?i B 2 such that {yj)fL\ converges to 
y. We clearly have that ( (e m ® f m ) y 3 )f =1 converges to (e m / m ) y. 

By the previous lemma, we have for every j G IN that (e m ® / m ) i/j belongs to -D((Ai ® A 2 )(ai ® a 2 )) 
and 

(A x ® A 2 )(ai ® a 2 )((e m ® / TO )%) = [(Ai(«i) ® A 2 (a 2 ))(e m ® / m )] 
Because [(Ai(ai) ® A 2 (a 2 ))(e m ® f m )] is bounded, this implies that the net 

( (Ai ® A 2 )(ai a 2 )( (e m ® / m ) 

converges to [(Ai(ai) ® A 2 (a 2 ))(e m ® f m )] y. 

Therefore, the closedness of (Ai® A 2 )(ai®a 2 ) implies that (e m ®/ m ) y belongs to £>((Ai ®A 2 )(ai ®a 2 )) 
and (Ai ® A 2 )(ai ® a 2 )( (e m ® / m ) y) = (Ai(ai) ® A 2 (a 2 ))( (e TO ® / m )y). 

Choose x G Z?(Ai(ai) ® I?(A 2 (a 2 )). By the previous discussion, we have for every n G N that (e„ /„) x 
belongs to D((Ai ® A 2 )(ai ® a 2 )) and 

(Ai ® A 2 )(<n ®a 2 )((e n ®/ n )x) = (Ai(ai) ® A 2 (a 2 ))( (e„ /„) x). 

Because (e„ /n)^i is truncating for Ai(ai) ® A 2 (a 2 ), the remarks preceding this proposition imply 
that the sequence ( (Ai ® A 2 )(ai ® a 2 )( (e„ ® /„) x) converges to (Ai(ai) ® A 2 (a 2 ))(x). 
Evidently, we have also that ( (e„®/„) x)^^ converges to x. Therefore, the closedness of (A!®A 2 )(ai®a 2 ) 
implies that x belongs to D((Ai ® A 2 )(ai ® a 2 )) and (Ai ® A 2 )(ai ® a 2 ) x = (Ai(ai) ® A 2 (a 2 )) x. ■ 

Corollary 8.25 Consider ai G A4+j and a 2 G A4+ 2 . TTien ai ® a 2 belongs to -M J l8¥>2 and 
(<£i ® ¥? 2 )(ai ® a 2 ) = (y5i(ai) ^ 2 (a 2 ). 
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9 Appendix 1 : Miscellaneous results. 

In this appendix, we prove some general results, which will be used several times in this paper. 

Lemma 9.1 Consider a Hilbert C* -module E over a C* - algebra A. Let T be a positive element in L{E). 
Then we have that \\Tv\\ 2 < \\T\\ \\{Tv,v)\\. 

The proof of this lemma is very simple because 

(Tv,Tv) = (T 2 v,v) < \\T\\(Tv,v), 

where we used the fact that T 2 < \\T\\ T. 

We will apply this little result in two situations. 

Lemma 9.2 Consider a Hilbert C* -module E over a G* - algebra A. Let (Tj)j £ / be a net in C(E) + and 
T an element in C{E) + such that Ti < T for every i G I. Then (Ti) ie j converges strongly to T if and 
only if ((TiV,v)) ie j converges to (Tv,v) for every v G E. 



Proof : We have for every i G I that \\Ti\\ < \\T\\. 

Using the previous lemma, we get for every i G / and v G E that 

\\Tv-T lV \\ 2 < \\T-Ti\\ \\(Tv-T iV ,v)\\ < 2\\T\\ \\{Tv, v) - (T iV , v) 

Now, the lemma follows easily. 



Lemma 9.3 Consider a Hilbert C* -module E over a C*- algebra A. Let (Tj)j £ / be an increasing net in 
C{E) + . Then (Tj)j e j is strongly convergent in C(E) + if and only if the net {{TiV,v))i^i is convergent 
for every v G E. 

Proof : One implication is trivial, we prove the other one. 
Therefore, suppose that ((Tji>, u))j e j is convergent for every v G E. 
First, we prove that (Tj)j e / is bounded. 

Choose u G E. Because ((TjU,u))j C / is convergent, there exist a positive number N u and an element 
io such that ||(Tjti, < N u for ever i G / with i > i - 

For every j £ I there exist an element i G / with i > i and i > j, implying that 

||CZ>,u)|| < \\(T iU ,u}\\ <N U . 
So we get that the net ({TiU 7 u)) ie i is bounded. 

Let us fix w G E. By polarisation and the previous result, we have for every v G E that the net 
((TiW,v)) ie i is bounded. Using the uniform boundedness principle, we get that the net (Tjw)j £ / is 
bounded. 

Applying the uniform boundedness principle once again, we see that the net (Tj)j e / is bounded. Hence 
there exist a strictly positive number M such that ||Tj|| < M for every i G /. 
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Choose u G E. Take e > 0. Then there exist an element i\ 6 I such that ||(Tt«, u) — (T^u, u)\\ < -Aj for 



every i £ I with i > i\. Using lemma 3.1, we have for every i £ I with i>i\ that 



\\T iU -T h u\\ < m-T n \\ \\((T i -T il )u,u)\\<2M^=e. 
So we see that (Tiu)i^i is Cauchy and hence convergent in E. 

From this all, we infer the existence of a mapping T from E into E such that {Ti(w))i^i converges to 
T(w) for every w G E. It follows immediately that (Tv,w) = {v,Tw) for every v,w G E. This implies 
that T belongs to C{E) and T* = T. Moreover, it is also clear that (Tv,v) > for every v G E, which 
implies that T > 0. ■ 

We want to restate this results in the C*-algebra case. 

Lemma 9.4 Consider a C* -algebra A. Let (aj)iej be a net in M{A) and a an element in M{A) such 
that a.i < a for every i £ I. Then (ai)igi converges strictly to a if and only if (6*aj6)jgi converges to b*ab 
for every b G A. 

Lemma 9.5 Consider a C* -algebra A. Let be an increasing net in M(A) + . Then (ai) ie j is 

strictly convergent in M(A) + if and only if the net (6*a.j6)i e j is convergent for every b G A. 

The following lemma is due to Jan verding (see lemma A. 1.2 of 

Lemma 9.6 Let E be a normed space, H a Hilbert space and A linear mapping from within E into H . 
Let (xi)i£i be a net in D(A) and x an element in E such that (xi)i£i converges to x and (A(xi))i£i is 
bounded. Then there exists a sequence (y n )^Li in the convex hull of {xi \ i G /} and an element v G H 
such that (y n )SJLi converges to y and (A(j/ n ))^_ 1 converges to v. 

Proof : By the Banach-Alaoglu theorem, there exists a subnet (xi.)j e j of {xiji^i and v G H such that 
(A(xi j ))jej converges to v in the weak topology on H. (For this, we need H to be a Hilbert space.) 

Fix n G IN. Then there exists j n G J such that \\xi j — x\\ < - for all j G J with j > j n . 

Now v belongs to the weak-closed convex hull of the set {A(x^) j G J such that j > j n }, which is the 

same as the norm-closed convex hull. 

Therefore, there exist Ai, . . ., A m G R + with X^l-li ^fe = 1 an( i elements a>i,. . ., a m G J with ct\, . . ., a m > 
j n such that 

m ^ 

|K--^A fc A(x lQ J||<-. 

k=\ 

Put y n = Y,i=i ^kx iak . Then y n G D(A), and A(y n ) = YZLi ^kM x ia h )- 

Therefore, we have immediately that \\v — A(y„)|| < ^. 

Furthermore, 

1 1 

\x - y„ 



X k (x-Xi ) 



fe=i 



< VA fe 



^— ' n n 



k=l 

Therefore, we find that (y n )n°=i converges to y and that (A(y„))^L 1 converges to v. 



Lemma 9.7 Consider a C* -algebra A and a dense left ideal N in A. Let s be a positive sesquilinear 
form on N such that s(ab\,b2) = 5(61,0*62) for all a £ A and all 61,62 G N. Moreover, suppose that 
there exists a positive linear functional 9 on A such s(6, 6) < #(6*6) for every 6 G N . 
Then there exists a unique positive linear functional lo on A with to < 9 such that w(6*, 61) = s(6i, 62) for 
every 61, 62 G N . 
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Proof : Let (tt, H, v) be GNS-object for 9 (v is a cyclic vector). 

Because s is a positive sesquilinear form on N, we can use the Cauchy- Schwarz inequality for s. So we 
have for every b\ , b 2 G iV that 

|s(&i,^ 2 )| 2 < 5(61, 61) s(& 2 , 6a) < 9{b\ h) 9(b* b 2 ) = \\ir(bi)vf h(b 2 )v\\ 2 . 
Therefore we can define a continuous positive sesquilinear form t on H such that t{%(pi)v, iv(b 2 )v) = 
s(fri) ^2) for every 61, 62 £ -N. It is clear that t is positive and ||t|| < 1. 

So there exist an element T € B(H) with < T < 1 such that i(:r, y) = (Tx, y) for every x,y £ H. 
This implies that (Tir(bi)v,ir(b 2 )v) — 3(61,62) for every 61,62 G iV. 

Next we show that T belongs to tv(A)'. Therefore, choose a G N. 
We have for every 61 , 62 € N that 

(Ttt(o) ir(bi)v, 71(62)^) = (T7r(a6i)w, Tr(b 2 )v) = t(Tr(abi)v, 7r(62)u) 
= s(a6i, 6 2 ) = s(6i, a*6 2 ) 
= i(7r(6i)u, 7r(a*6 2 )w) = (T7r(6i)w, 7r(a*6 2 )i>) 
= {T7r(6i)u, 7r(a*)7r(6 2 )w) = (7r(a)T7r(6i)u, 7r(6 2 )f). 

This implies that T7r(a) = n(a)T. 

Now we define the continuous linear functional woni such u>(x) = (T7r(x)i;, for every 16A 
Using the fact that T belongs to tt(A)', we have for every 61, 62 G N that 

co(b* 2 61) = (T7r(6* 6i)«, w> = (T7r(6i)«, 7r(6 2 )u) = s(b 1 ,b 2 ). 

Consequently, we have for every 6 G N that u>(b* 6) = s(6, 6), implying that < uj(b*b) < 9(b*b). This 
implies easily that < co < 6. 

■ 

We have even proven a stronger result where N is not assumed to be dense (of course the unicity is not 
longer valid in this case). This proof can be found in lemma A. 1.3 of 0]. 

10 Appendix 2 : A small technical result. 

In this appendix, we will prove a technical result which will be used in several sections. 

Consider a Hubert C*-module E over a C*-algebra B and let D be subset of E such that its linear span 

is dense in E. Let (Tj)j G j be a net in C(E) such that (Tj)j e j converges strongly* to 1. 

Suppose that t is a mapping from B into E such that for every i G I and every »eD there exists an 

element i) G B such that (Tj t(b),v) = x(v, i) 6 for every 6 G B. 

We want to prove that t belongs to £(B, E). 

Lemma 10.1 We have that t is a continuous B-linear map from B into E. 

Proof : 

• Choose 6i, 62 G B. 

Fix j G /. We have for every v G D that 

(Tj t(bib 2 ),v) = x(v,j)(bib 2 ) = (x(v,j)bi)b 2 = (Tjt(bi),v)b 2 
= (Tj(t(h)b 2 ),v). 

Because the linear span of D is dense in E, this implies that Tjt(b\b 2 ) — Tj{t(b\)b 2 ). 
Because (Tj)j e j converges strongly to 1, this implies that t(b\b 2 ) = t(b\)b 2 . 
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• The linearity of t is proven in a completely similar way. 

• Choose a sequence (b n )^ =1 in B, b G B and w G E such that {b n )™ =1 — ► b and (f^))^! — > w. 
Fix j G J. Take v G D. 

We have for every n G N that (Tj £(&„), w) = j) 6 n . This implies that ((Tj t(b n ), v))^ =1 converges 
to x(v, j) b, which is equal to (Tj t(b), v). It is also clear that ((Tj t(b n ), v})^ =1 converges to (Tj w, v). 

These two results imply that (Tjt(b),v) = (Tjtv,v). 

Of course, this implies that t(b) = w. 

Therefore, we have proven that t is closed. The closed graph theorem implies that t is continuous. 

■ 

Lemma 10.2 Consider an approximate unit (e k ) ke K for B. For every k G K, we define the element 

S k G C(B, E) such that Sk(b) — t(ek) b for every b G B. 

Then we have for every v G E that (S k (v)) ke K is convergent in B. 

Proof : Remember from the previous lemma that t is a continuous B-linear map from B into E. In 
particular, we have for every k in K that \\Sk\\ < \\t\\. 
Choose w G D. Take e > 0. 

Then there exists an element j £ I such that \\T*w — w\\ < § 1+ "j| f || ■ 
We have for every fc G K that 

S* k (T*w) = (T*w,t(e k )) = (w,Tjt(e k )) - (Tjt(e k ),w)* - (x(j,w)e k )* = e k x(j,w)*, 

which implies that (Sl(TjW)) ke K converges to x(j, w)* . Consequently, there exist an clement k G K 
such that WS^iTJw) - S* k2 (T*w)\\ < § for every k u k 2 G K with k u k 2 > k . 
Therefore, we have for every k\,k 2 G K with k\, k 2 > k that 



Hence, we see that (S k (w))keK is Cauchy and hence convergent in B. 

From this, wc get immediately that (S k (v)) kl =K is convergent for every v in the linear span of D. 
Because this linear span is dense in E and (S k ) ke K is bounded, we get that (S k (v)) ke K is convergent for 



Now we can formulate the final result. 

Proposition 10.3 We have that t belongs to C(B,E). 

Proof : Take an approximate unit (e k ) ke K for B. 

For every k G K, we define the element S k G C(B, E) such that S k (b) = t(e k ) b for every b G B. 
Choose c G B. Because t is B-linear, we have for ever k G K that S k (c) = t(e k )c = t(e k c). The continuity 
of t implies that (S k (c)) ke K converges to t(c). 

By the previous lemma, we know that there exist a linear mapping r from E into B such that (S k (v)) ke K 
converges to r(v) for every v G E. 

Combining these two results, we get that (t(b),v) = (b,r(v)) for every b G B and v G E. This implies 
that t belongs to C(B, E). ■ 



\\s* kl (w) - s* kl (T* w )\\ + \\s* kl (T*w) -s* k2 (t; w )\\ 

+ \\S* k2 (T*w) - S* k2 (w)\\ 

\\S* kl \\ ||«;-T>|| + | + ||5j: 2 ||||«;-r>|| 



< 



< 




every v G E. 
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